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[Tpeo6pasoBanue durypn B Apyryio ¢urypy, onpeje-
JIeHHBIM '00pa3oM CBSI3aHHYIO C JAHHOMH, ABAAETCA OLHHM
M3 PaclpOCTPAHEHHBIX CPEACTB reOMeTPHYECKOro HCcJe-
HOBaHHA. YkKe B 3/1eMeHTaPHON TreoMeTpHH NPUMEHSIIOTCS
npeoOpa3oBaHue nmoao0us M npeoOpPa3oBaHHE HHBEPCHH.
[IBUXKeHHe, ¢ MOMOUIbI0O KOTOPOro Urypsl HaJaramTCs
Apyr HA Jpyra, ToxXe qBAseTCsd MNpHMepoM Ipeo6paso-
BaHHSA.

dynnameHTtasbHasg poJb MOHATHA TNPeoOPA30OBAHUA B
BOINPOCax 0OOCHOBAHHS reoMeTpPHH H K/JIaCCHPHKALHH pas-
JHYHBIX TeOMEeTPHYECKHX CHCTeM OblJIa BIepBble yCTaHOB-
jgesa Penukcom KnefitHoMm B ero ,JpraHPeHCKOH 1Po-
rpamme“ (1872 r.).

llenTpanbHas uaes DpaaHreHCKOUd MPOrpaMMEL CBA3aHa
C MOHATHEM TpYIIb, T. €. TAKOH COBOKYMHOCTH IpeoO-
pa30BaHuil, KOTOpas TMOXYHHAETCS CJAEIAVIOUHM JABYM
ycaoBuaM: 1) nmpousBeneHue jai00bIX ABYX Ipeo6paszoBa-
HHH COBOKYMHOCTH NPHHA/IEKHUT TOH XKe COBOKYIHOCTH;
2) npeo6pasoBhHue, o6paTHoe J060MYy Mpe0ldpPa3oBaHHIO
COBOKYNMHOCTH, IPHHALJEXKHUT TOH XKe COBOKYMHOCTH.

OTmeuas, uTo JBHXeHHA OOpa3ylwT TIPynny u ee
CTpOEHHEe BIIOJIHE XaPaKTepusyer 3JeMeHTApHYl0 reoMer-
puto, Kneiln npuxoauT K pacilMpeHHOMY MOHSATHIO TIeo-
MeTpHH, opMyaupysi ee 3axauy CAeAyloIuM o006pa3om:
1aHo MHorooOpasue W B HeM rpymnmna npeo0Opa3oBaHHil;
HYXXHO HCCJeJ0BaTb Te CBOACTBA 00pa3oB, NPHHAIJAERA-
IUUX MHOroo6pas3uio. KOTOpblE HE H3MEHAIOTCA OT mpe-
00pa3oBaHUl Trpymnmbl.

M3 3atoro obuiero ompeieneHuss cJaejiyet, UTO cylie-
CTBYIOT pa3djuuHble reomeTpun. OHH MOIyT OTJIHUYATHLCSH
ApPYr OT JApyra XapakTepoM 3/71eMEHTOB MHOIo0o0pasus H
cTpoeHueMm rpynnel. [locienHee pasnuuHe siBJAseTCA Hau-
Oosee cywecTBeHHBIM. EcaH reomeTpHH. OTINYAIOTCS
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Mex 1y coOof nmo xapakTepy 3/J1eMBHTOB Mnorooépasnﬂ
HO HX cpyuzlamemanbuue rpynnsl H30MOPGHHE ', TO Kax-
1oMy (akrty onHoH reomerpuu OyJ1eT COOTBETCTBOBATH
dakT ApYyrofi U KaxJIyl H3 HHX MOXHO H3y4aTh Ha
OCHOBe J1pyrofi. B 3Tom cywHOCTs npunyuna nepewece-
Hus, XaKk ero HasemiBaeT KaeliH.

B kauyecTtBe nmpuMepoB reomMeTpHil, XapakTepu3yeMblxX
rpynnamu npeo6pasoBanuil, Knelin HasniBaeT, Kpome 3je-
MEHTapHOH, HJIH €BKJAMAOBOH reoMeTpHH, apPuHHYIO, He-
€BKJH/0BbLl T€OMETPHH IIPOCTPAHCTBA MOJOXKHUTEIbLHOH H
OTPHIATENBHON KPHUBU3HBI W NPOEKTHBHYI0 TE€OMETPHIO.
[Mocnennas aBagercs Haubosee oOuieil, Tak KaK PyHaa-
MEHTaJbHbE TPYNNB BCeX NpelblaYU{HX H30MOP(DHLI He-
KOTOPBLIM NOATPYIMIIAM IPOeKTUBHOM rpynibl. Tak, rpynna
apPuHHBEIX npeoOpPa3oBaHHi TpPEeXMEPHOro MNPOCTPAHCTBA
U30MOp(pHA TaKOH MmoOJrpymnmne MNPOEKTHBHBIX Npeobpaso-
BAHHUIH, KOTOPAsl IePeBOANUT B Ce0s HEKOTOPYIO MIOCKOCTH
(HecoOCTBEHHYIO MJIOCKOCTB), a TPYMIIB HEeeBKJIHJ OBEIX
JABHXKEHHUIl H30MOPPHH NOArpPYyNNaM MNPOEKTHBHOIO IMpO-
CTpPaHCTBA, MepeBOAsL(HM B Ce0si MMOBEPXHOCTH 2-T0 MO-
psixka (a6coaoT). I'pynna pBHKEHHH TpeXMepHOTO Ipo-
CTPAaHCTBA TOXe€ H3OMOpP(pHA 1noJArpymnmne HNPOEKTHBHLIX
npeoO6pa3oBaHuil, COXPAHAIOUIHX HEKOTOPYI MHHUMYVIO
KpHUBY1O 2-10 mopsijika (chepuyeckyi OKPYK HOCTBH).

Hapsiny ¢ yKka3aHHbBIMH reoMeTpHsMH, KOTOpble ObLIH
U3BECTHbl H A0 IMOSABJEHUS DPJAHTEHCKOH MPOTPaMMmBHl,
Kaneilth npenynoxun paccMorpeTs TreomMeTpHio (QyHaameH-
TaAbLHON TpPyNObl, COCTOSIILYIO H3 BCeX TBHKeHHil, 110106-
HBIX npeoOpa3oBaHuil U UHBEPCHH eBKJAHAOBA MPOCTpaH-
CTBA W INPEeAJOXKHJI Ha3BaTh ee reomeTpueil 0O6PATHBIX
paiuycoB. Tak Kak OCHOBHBIM HHBAPHAHTOM 3TOi reo-
MEeTDHHU SIBJAsieTCS YIroJd MexAay JAByMS HAaNpaBAeHHUAMH,
TO B HACTOsUI€E BpeMsi ee yallle Ha3blBAIOT KOHPOpM-
Hoit %,

MHOXKeCcTBO 31€MEHTOB, Ha KOTOpoe 1elcTByeT QyH-
JAMEeHTaJAbHAas rpylna KOHGOPMHBIX NpeoOpa3oBaHHUl, He

1 U3omMopdHBIMH HA3bBIBAIOTCH TPYNNbl, ecau MexXiy ux npeolpa-
30BAHHAMH MOKHO YCTallOBHTb B3aHMMHO OJHO3HaYHOE COOTBETCTBHE
TaK, 4TOOb NPOHU3BEAEHH COOTBEeTCTBYIOWKMX Npeo6pa3oBaHui COOT-
BETCTBOBAJH.

* YnoTpe6GHTEALHLIMH SBAAIOTCH TaKXe Ha3BaHHe HHBEPCHOLHOM,
Kpyropoit reoMeTpHH ual reomerpun MéOuyca (mo umeHun MeébGuyca
A. F., u3yuaBulero psaj cBoicCTB npeoOpPasoBaHus HHBEPCHH).
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coBnajxaeT, CTPOro roBOpsi, C €BKAUJOBBIM MPOCTPAH-
¢TBOM. YT06B caenath Bce npeoOpa3oBaHHsi HHBEPCHH
HMEIOUIHMH CMBIC/I, HeOOXOAMMO ONOJHHUTb COBOKYII-
HOCTh BCEX TOYEK eBKJHJ0Ba INPOCTPAHCTBA €ule OXHOMH
6eckoHeYHO YAaneHHOH TOYKOH, B KOTOPYIO H nepexonT
HEeHTP BCAKOU OKPYXKHOCTH, IO OTHOLIEHHIO K KOTOpPOH
coBepuwiaeTcsi npeoGpasosanue uHHBepcuu. I[locme 3Toro
NpsiMble CUMTAIOTCA KPyramu, nNpoxOoAsuHMH uepe3 Oec-
KOHEYHO YIaJeHHYI0 TOYKY, H 3TO NO03BOJsdeT cHopMyJu-
poBaTth Ge3 BCSKHX ONOBOPOK CJelyioliee IMOJOXKEHHE:
npu 110060M npeo6pa3oBaHUH KOHGOPMHOH Tpylnns KpYyrH
nepexoasiT B KP)TH..

[Tpu cpaBHeHHH KOHPOPMHOH I€OMETPHH C HPOEKTHB-
HON 6pocamTcsa B Mia3a IMyooKHe pPasanuus MexAy HHUMH.
Tem Oosnee 3ameuatenbHeiM OBl pe3yabTaT Kaefina,
COrsacHO KOTOpOMY (PyHIaMeHTanbHasi TPynna KoH(opm-
HOH reoMeTpHH H30MOp(pHA HEKOTOPOH mnoirpymnne npo-
eKTUBHOK rpynnbl. HToOn npuiiTH K 3TOMY pe3ynbTaTy
x0T On B ciayuae koHdopMHO#t muaockocTH, Kaeiin mo-
crynaet ciaeayiowum o6pasom. OH paccmaTpuBaeT ee
KaK IJIOCKOCTb B TPeXMEPHOM €BKJIHJO0BOM MPOCTPAHCTBE
1 6epeT B 3TOM e MNPOCTpaHcTBe cdepy S, KOTOPYIO
u oTOoGpaxaeT cTepeorpapHuyecky' Ha paccMaTpPHBAEMYIO
n10ckocTb. C jppyroit CTOpOHBI, BCsAKO# Touyke A mpo-
CTPAaHCTBA, PACMOJOXKEHHOH BHE Cepbl, CONOCTaBaACTCS
KPyr, IO KOTOpoMy c¢depa mepecekaeTcsi C MOJsipOfl
TOYKM A, a npu crepeorpadHyeckoM OTOOpaAKEHHH 3TOT
KPYr NepexoJHT B OKPYXKHOCTh 2 HA MJAOCKOCTH. Ecau
Telepb pacCMOTPeThb Ty MNOArPYNNY NPOEKTHBHLIX Mpe-
o6pa3oBaHHil NPOCTPAHCTBA, NPH KOTOPHX cdepa S ne-
pexoaut B ce0bs, To eit 6yaeT coOTBeTCTBOBAThH HA MJOC-
KOCTH rpylna npeoOpa3oBaHHl, NepeBOAsALIHX KpPYrd B
Kpyru, a oOHa OyaeTr coBmajzate C ¢yHIaMeHTAJbHOHN
rpynnoi xkoHpopMHBIX npeobpa3oBanuii. Htak, 2pynna
KOH®OPpMHbLX npeodpa3o8aniit. KOHPOPMHOIL RAOCKOCTMIL
uU30MOpPHa nodepynne nPoOEKMusHboLX npeobpa3osaruil
MpexmMeprozo NPOCMPAHCMEQ, nepesodsueo 8 ceos
08ANBHYIO NOBEPXHOCML 2-20 nopaoka, m. €., 6 Cyuy-
Hocmu, gpyhne Heeek/zudoabtx dsudcenHnit mpexmepHoz20
npoCmparcmea.

! T. e. npoekTupys 8Ce TOUKH €O cepbl Ha MIOCKOCTb 13 HEKO-
TOPOii TOYKIl TOH xke chephl,
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JTOT (PAKT HMEEeT HEe TOJbKO BaAXHOE TNPHHIUNHAND-
HOe 3HauyeHHe, HO U MO3BOJSET NPUMEHHTH AJasl H3yye-
HUS KOH(MOPMHOH TreOMeTpUH TOT Ke aHaJAUTHYeCKHH
annapaT, KOTOPHH NpUMeHseTCH MJI H3YUYEHUS HEEeBKJIH-
JIOBBIX F’€OMETPHH, T. €. amnapar O THOPOAHHX KOOPAHHAT
H BEKTOPHYIO aiareo6py.

B Hacrtosiue#t pab6oTe 1aeTCs HM3/M0:KEHHE OCHOBHHX
dakToB KOHPOPMHOH TeoMeTPHH IIOCKQCTH. Hapaay
¢ akTaMu aHaNHTHYECKOH reoMeTpuu (yriasl MeXJYy Kpy-
raMi, MyYkKd KPyros M T. A.) paCCMATPHBAIOTCS BOMPOCH
AupdepeHIHaIbHOR reOMeTPpHH OCIe10BATEJABHOCTH KPY-
roB, AuddepenuranbHoit reoMeTPHH KPUBHIX HA TMJIOC-
KOCTH.

B nocaexHem maparpage paccMaTpHBAIOTCH BONPOCH
KOH(QOPMHOH reoMeTpuH TPeXMEepHOro mpocTpaHCcTBa. Bo
BCEM H3JOXEHHH NOCTOAHHO HCNOJAb3yeTCs H30MOPGH3IM
rpynmnsl KOHQOPMHBIX OTOoOpaXeHuil NnpoCTpaHCTBA YKa-
3aHHOH BHIlE MNOATPYNNE NPOEKTHBHBIX OTOOpa)keHuil
NMPOCTPAHCTBA H3MEPEHHs Ha eJUHHIY Bhlle, T. e. Ipynne
runep6osHueckux ABHxKeHul. [losTomy pa6ora Hauu-
HaeTCss C U3JA0KEHHs HeoOXOAHUMHIX CBeJeHHH O npoek-
TUBHOH Ir€OMETPHH U O BBE/ICHHU B Hee MeTpPHKH.



§ 1. OcHoBHbIE NOJNOXKEHUS IMPOEKTHBHOH reomeTpHu

\ Ha NJOCKOCTH ’

1. Touka M mpoeKTHBHOR NAOCKOCTH BIOJHE Ofpe-
JeJseTCsl BeKTOPOM X, HANpaB/JeHHBIM B 3Ty TOUYKY H3
HEKOTOPO#i TOUKM BHe INIOCKOCTH. BekTop x, coorBer-
CTBYIOUMH JaHHOK TOoYKe, onpeneaseTcs C TOUYHOCTHIO
10 CKaJAPHOTO MHOXKHTENs, TaK KaK BEKTOp Ax ompeje-
JsieT TO JKe€ HanpaB/ieHHe, YTO H BEKTOp X, H, Cl1e10Ba-
TeJIbHO, Ty XKe Touky M

BeauunHa, onpeneneHHas C TOYHOCTbIO 10 MHOXH-
Tessl, Ha3biBaeTCsi NCeBAOBeNHYHHONH. Bribop ompenpenen-
HOr0 3HaYeHHs 3TOr0 MHOXHTENs O3HauaeT HOPMHPOBA-
HHE 3TOH MCeBAOBeJHUYHHB. Mcxoas M3 3TOr0 MOXHO
CKa3aTh, UTO MOYKA NPOEKMUBHOIL nAocKocmu "onpede-
ASEMCS NCEBOOBEKMOPOM X.

Bynem B aanbneﬁmeM rOBOPUTH He ,MCEBAOBEKTOP X,
ompepenasdiOu Ui TOYKY“, a8 MPOCTO ,TOUKA X“.

Bsenem npocTpaHCTBEHHYIO [eK4aPTOBY CHCTEMY KO-
OPAMHAT C HayajoM B Touke O W OCAMH Xo, X;, Xy M3
KOTOPBIX X; H X, Mapa/jelbHbl paccMaTpPHUBAEeMOi IiOC-
KOCTH. Kaorcdeiit ncesdosekmop x, a, caedo8amensHo, L
Kaocoass mouxa M npoexkmusHoir naockocmu onpede-
ARIOMCSE MPEMS ONPEOCNEHHBMU € MOLHOCMbIO 00. 00-
wezo0 MHONCUMENL KoOpounamamy X, X,, X,. OHH Ha-
3LIBAIOTCS OJHOPOAHBIMM KOOPAMHATAMH TOYKH s

Bekrtopam x, mapa/nieabHbM TJIOCKOCTH, COOTBETCT-
BYIOT HECOBCTBEHHBIE' TOUKH IJIOCKOCTH. DTH TOYKH Xa-
PaKTEPH3YIOTCHA TeM, 4TO y HHX X, =0.



Xy

2. TIpOeKTHBHBIMH TPEOOPA3OBAHHAMH KOODIHHAT X,
TOYKH M Ha3bIBAIOTCA JUHEHHBIE OZHOPOAHBIE npeo6pa-
30BaHUA C onpeje]uTe/ieM, He PAaBHbIM Hyal0, T. €. npe-
o6pa3oBaHus BuJa

2 .
=Y pix, i=0,1,2 |p/]#0, (1.1)

J=0

i€ X; — HOBBlE KOOpXHHATHI TO4KH M.

dopmyast (1.1) MOXKHO HCTONKOBATH HE TOJbKO Kak
COOTHOHIEHHS], CBA3BIBAIOLINE ORHOPOJHBIE KOOPAHHATHI
OXHON W TOH XKe TOUKH B JBYX PA3JHYHBIX CHCTeMax
KOOPJAMHAT, HO H Kak (GOpMYyJHl, CBfA3BIBAIOLIME KOODAH-
HaThl Pa3/MYHBIX TOYEK OTHOCHTEJNbHO OXHOW H TOH Ke
CHCTEeMBl KOODAHHAT.

IBe Touku M u M* Ha3bIBalOTCA IPOEKTHBHO COOT-
BETCTBYIOLIMMH, €CIH HX OJXHOPOAHBIE KOOPAMHATH X;
H X; CBA3aHH COOTHOLIEHHAMH

_ Splx i=0, 1, % |pf] £ 0. (L1)

Pasencmsa (1.1°)  onpedeassiom  @yHOaMeHMANLHY IO
epynny npeobpa308aruil npoOeKmusHoIlL 2e0Mempu nA0C-
Krocmu.

Ecau ToukH X, ¥, 2, ... HAXOAATCA B JHHEHAHON 3aBH-
CHMOCTH, T. €. HMEeT MeCTO PaBeHCTBO .

ax + By + 72+ ... =0,



Koraa «, 3, t, ... He Bce OJHOBPEMEHHO PaBHH HY.IO0, TO
u nocne npeo6pasopanusa (1.1°) 3ta sauHelthas 3aBHCH-
MOCTb COXpaHsieTcCs.

3. [lpsim -1 npoexkmusHoil nA0OCKOCMIL 3Q0Qemcs Ypas-
HeHuem

t =ay + Bz, (1.2)

rAe y U 2 — JBe pa3jiHyHble TOYKH NPAMOH, t—— TeKyumas
TOYKa, & o« W B — uncaeHube ko3(pduuuents'. Kaxnoi
TOYKe MpsiMoH £ COOTBeTCTByeT onpeneseHHoe OTHolle-
HHe a:j3,

Mpu npoekTHBHHX Npeo6pasoanusx (1.1°) mpsimas
NepPexosuT B HPsIMYIO.

Ecan pacnucars ypaBuenus (1.2) B xoopauHatax H
MCKJIOYHTH H3 MOJYYEHHON CHUCTEMBl @ U B, TO NOJAYUHTCH
ypaBHeHHe npsAMOH B BHJE

uoXo + X, + tyx, =0, (1.2)
rape
z o2 4
gt il Uy = Vi VoRo Yoo
Vo2, Yoo Y1z

Ilpsimasi onpepensiercs, ecad 3ajfaHbl onpeneaeHHBe C
TOYHOCTHIO [JQ MHOXMTEJAs BEJIHYHHBL u,, U,, Uy, OHHU
Ha3bIBAIOTCSA OJHOPOAHHMH JHHEHHBIMH, HJIM TaHTEHIH-
aJbHEIMM KOOPHHATAMH NPSAMOH.

4. Ilycth Ha npsMO¥ 3ajaHH JABe TOYKH

p=aoy+H2 | (1.3)
q =12y + 32.
Bupaxcenue
D(y, 2z, p, 9 = 3'—=—3—:- (1.4)
11 o2

Ha36l8aemcst 080QHbBLM, UL QH2APMOHUHECKUM, OMHOULE-
Huem wemolpex moxerx: y, 2, p, ¢, JAexcauwux Ha nps-
MOf. DTO OTHOWIEHHWE He 3aBHCHT OT HOPMHPOBAHHS
BEKTOPOB, HE U3MEHAETCs NpW IMPOEKTHBHLIX Npeobpaso-
BAHHUSAX H, TAKHM 00pa3oM, gBAAETCA HHBApPHAHTOM IIPO-
eKTHBHOH FeoMeTpHH.

JIBoiiHoe OTHOULIeHHe 3aBHCHT OT NOPAAKAa, B KOTOPOM
paccMaTpuBalOTCA TOYKH. OHO MEHSeT CBOIO BEMHUYHHY

! dopmyna (1.2) naer pasnoxeHne TOYKH £ MO TOUKaM y H 2.



Ha OOpuTHYIO NpH NepecTdHOBKE TOYEK 11ePBOH HJAH BTO-
poit mapul. [Ipn nepectaHoBke mNepBo#i mape €O BTOPOH
3TO OTHOleHue He MmeHseTcd. [lokasarenbcTBO 3THX MO-
JOXKEHUH MOXHO HaiTH B JIOOOM IOJHOM KypCe aHanH-
THYeckoll reometpun [11; cTp. 334).

Ecau 0soitnoe omuowenue 4emstpex mowex Ha nps-
Mmolt pagno — I, mo zosopam, wmo smu mouKku o00pa-
3VIOM 2QPMOHULECKYI0 1emBepK) mouex.

JIBOiiHOe OTHOUIeHHe

D(y, 2, p, 9= —1

TOrAia H TOJBKO TOrma, eciau

—ay + 82

(1.9)
q = oay — 632, :
rie o — NpoOU3BOJAbHBIH MHOXUTeJb [l11; cTp. 347].
BripasuM 1BOilHO€ OTHOLIEHHE TOYeK uepe3 KOOp-
TUHATH.
[lycte TOukH X, ¥y, p, q nexat Ha MNpaMOH, npuuf-

TOH 34 OCb KOOpAHMHAT, W HMEWT HEOLHOPOAHBEIE KOOp-

| Al lII »I\
auHate &, 2, &7, £ coorBercTBeHHO. OHOPOAHKE KO-

opauHaTH 3THX Touek So, & (i=1, II, Ill, IV) BBexem
ré
=1 i

- H TOJNOKHM ¢, =1. Torma paBen-
EO

crBa (1.3) 3anumy'rca B KOOpJAHHATAX CJAeAYIOUHUM O06-

pasom:

KaK OOBIYHO: & =

111 1 I
E s al: "“ 31&

6 = a4 3 (1.6)
l=0a 4§ .
1= a, + r"fn

¥ aBoHHOe oTHolueHue (1.3) 6yxeT uMeTh 3HAuUCHHE

( l” ]) (EIV _ &H)

D(x, 9, p, q)= (1.7)

(;lll _ 5“) (Elv _ El)

OpHUM U3 OCHOBHHIX NMOHATHH NPOEKTUBHOH reomert-
pUM fIBASIETCH pa3jesieHHe TOueK OJMHOH mapbl TOUYKAMII
apyroi [t1, cTp. 333].
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Ecan TOYyKu nmepBOi mappl X H Y He paszjensirorcs
toukamu BTopoil mapel p, q (cMm. A), to u3 (1.7) cae-
ayeT, 4ToO

D(x, y, p, 9)>0;

ecau pasgeasiiorcs (cm. B), 10
, D(x, v, p, q9) <0
X y » ¢

A —

Hapsimy ¢ JBOIHBIM OTHOLIGHHEM 4YeTHIPeX TOoueK
pacCMaTPHBAIOT ABOHHOE OTHOLIEHHWe YeTHpPeX MpPIMHX,
npuHaj texawux nyuky. OHO paBHO JABOHHOMY OTHOWIE-
HUIO YEeThIPEeX TOYeK, ABJAIOUIHXCA TOUKAMH nepeceyeHHs
NpSAMOH, HE IPOXOAAILEH yepe3 NeHTP Nyukd, C YeTHPbMSI
pacCcMaTpPUBAEMBbIMH NPAMBIMH. IDTO ABOHHOE OTHOUIEHHE
MMEeT WHBAPHAHTHHIH XapakTep, Kak U OTHOLIEHHE TOueK
Ha 1PAMOH.

5. Jlunusi, 3adasaemas ypasuenuem

2
Y baxx, =0, (1.8)

a, 3—)

Ha3bleaemcss kpusoi 2-20 nopsoka. Ecau onpepenuTtesib
| bagl + 0, TO KpuBasi He paclajarwoascs.

Ilpy npoexTuBHnXx mnpeo6Gpa3oBanusix (1.1') kpuasn
2-T70 MOpsiJKa MepexoOaUT B KPUBYIO 2-TO NMOpsiaKa.

[lpn noaxoasumem BrOOpe CHCTEMB KOOPJAHHAT ypas-

ieHre (1.8) MOKHO OpHUBECTH K OZHOMY M3 JABVX BHAOB
[11; cTp. 401]:

— X2+ X+ X = (1.9)

HJIH ‘
xo 4+ x3=0. | (1.9
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B cayuae (1.9) xpuBas geiicTBuTe bHASA, B cayuae (1.97) —
MHuMas. . B jpanbHeilmiem, ecaum He oroBopeHo 0c060,
npejiosaraeM, 4TO KpHBas JefCTBHTeJbHafl.

Ecau Hapsay ¢ ofHOPOAHBIMH KOOPAHNHATAMH PacCMarT-
pHBAaTh H HEOAHOPOAHHIE:

x:::‘l, y:ﬁ, (1.10)
Xo Xo
T0 ypaBHeHue (1.9) 3amuwercss B BuJe
X2+ yi=1. (1.11)

B TakoMm BuAe MOXHO 3amuCaThb ypaBHeliHe A000H neil-
CTBUTEJbHOH KPHBOH 2-ro mopsjka.

6. KpagpatnuHyio ¢opMmy B mnpaBoil 4acTu ypaBHe-
Hust (1.9) o603HauuM cokpaueHHo uepe3 (xx), T. e. mo-
JIOXKUM

(xx) = —xg—l—x';’—l—xg. (1.12)
Y paBHeHue KpPHBOH BTOPOro nopsigka Oyuer
(xx) = 0. (1.13)

Bunuuneiinast ¢opma, COOTBETCTBYIOINAS KBAAPATHUHOM
dopme (1.12), Gynet

(¥2) = — yo2o + V121 + Vo2, (1.14)

Bowpaoscenue (yz) Oydem Hasweame 6 OQabHeiiutem
noaspHoim npousgedenuem. OHO COCTABAECHO /s NCEBIO-
BEKTOPOB ¥ H 2 M NO3TOMY ollpelg/nsercs C TOYHOCThIO
10 CKaJNAPHOTO MHOXHUTeNs. |

[MonsipHoe mnpousBejgeHHe (Y2) NOAUHHSIETCS 3aKOHY
KOMMYTaTHBHOCTH, 3aKOHY aCCOLHATHBHOCTH MO OTHOILIe-
HHI0O K CKaJsSIPHOMY MHOXHTEJI0O H 3aKOHY AHCTPUOYTHB-
HOCTH. ,

Ecin y=mp + nq, a 2= 1[p + sq, 10, KaK C1eACTBHE
3aKOHa JAMCTPUSYTHBHOCTH H ACCONMATHBHOCTH, MOXHO
3anycaTh PaBeHCTBO

(y2) = ml(pp) + (ms + nl) (pq) + ns(qq). (1.15)

Mse mouru y 1 2 Ha36L8AIOMCA NOASIPHO CONP SIICEH-
HoLMIL OMHOCUmMenbHO Kpusoit 2-20 nopsdra (1.13), ecawu
UMEeT MECTO COOTHOLIeHHE

(y2)=0. (1.16)

[TokaxeMm, YTO MOJAAPHO CONPSKEHHBIE TOUKH Y H 2
M TOUKM P W ¢ mepeceueHus npsMoi {y, 2} ¢ KpuBO#
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(1.13) cocraBiasiioT rapMoHdueckyio uerBepky. [lycrsb
y=mp+nq, a z=1Ip+sq. Toraa u3 (1.15) u (1.16)
HMeeM:

ml(pp) + (ms + nl) (pq) + ns(qq) = 0.
Tak xak TOYKM P M ¢ J€XKAT HA KPuBOil, To (pp)=
=(qq) =0, (pq) =<0, u, 3uauur, ms + n/ =0, uau —’”l—z

=t T. e. y=mp-+nq, =zZz=osmp—ong,
S [+

oTKyzaa, coriacHo (1.b), caenyer, 4To TOUKH ¥, 2, P, ¢
COCTaBJSAIOT TaPMOHHUYECKYIO YeTBEpKY.

Ecau B ypaBHeHuu (1.16) Touka y cuuTaeTcsi 3akKpel-
JEHHOH, TO 3TO ypaBHeHHE Oy1yuyd JHHEHHBIM OTIIQCH-
TeJbHO 2, 3ajaet npsmyio. 71ouxka (¥, Vi, Vo) Ha30L-
saemcsi noarwcom, a npamas (1.16)

—YoRo T V121 +V2=0

noaspoit 3Imoit mouxu omuocumearvno rpusoir (1.13).
7. bydem npoexmuposams mouxu kpusoir (1.13) Ha
npamyo | u3 Hexomopoit moyku S IMOUL KPpuBOL U
Ha3o8em Imo omobpasscerue cmepeopaguiecrkoi npoex-
yueii- mouerx Kpusoii 2-20 nopsoka Ha& npamyio.
Bosbmem ypaBHenue kpusoit (1.13) B 0AHOpPOAHHIX
KOOpAHMHAaTax, T. ¢. B Buxe (1.9), ypaBHeHue upsamoil /
nycte Oyrer x,=0, uU TOYKka § HMeeT KOODPAHHATHI
s (1,0, -1). CoorBeTcTByOIHUMH 6yiemM CUUTATH TOUYKH

X
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x(x, X. X)) u§(l, £ 0). Jist B3auMHOH OAHO3HAYHOCTH
COOTBETCTBUSA MOJOKHM, YTO CamMoli TouYKe § COOTBET-
CTByeT HecoOCTBeHHAas Touka npsiMoi /. Mmeem: Xx ==
== 0§ + p§, HJAH B KOOpAHUHATAX: X, —c+p X =p..
Xy=—2. Tak kak (xx)=0, wam — (54 p) + ozf‘-{-

- o(l —¢
+0°=0, To o= ( L [Toayuacewm CJ[C,IIYIOUJ.HQ

2
GopMYyJiBl, CBSI3bIBalOULYE KOOPAHHATH TOYEK X H &:
Xy =7 5
X, = ¢, (1.17)
] — ==
Yo =D

rae p — NPUU3BOJIbHLIA MHOXHTEJb.

Touky s Kpyra moiayuum, Koraa :-->x.a p—0 rak,
yrto pf—0, a pt’ KoHeuHo.

Touke x BHe kpuBo#t (1.13), aast xoropoit (xx) > 0,
COOTBETCTBYET MNpsiMas — no/sApa 3TOH TOYKH OTHOCH-
TeAbHO KpHBOH. [loaspa mnepecekaeT KpPHUBYIO B ABYX
TOYKaX # M 9. 3a cTepeorpauueckoe OTOOPaXKEHHE
TOYKH X B 3TOM CAydae IPHHUMAEM NAapy TodeK NPAMOil
§ u &, COOTBETCTBYIOIUHX MNPH NPOEKTHPOBAHHH H3 §
ToukaM # U v. Koraa Touka x Oka3biBaeTCs HA KPHBOIil,

11



ro (xx)=0, o6e touxku § u & cauBaioTCi B OAHY & —
crepeorpaduieckyio NPOCKLUHIO TOYKH HA KPHUBOI B yCTa-
HOBAGHHOM Bblllle CMbicie. JLIs TOYeKk BHYTPH KPHBOW
(1.13), s koTopux (xx) < 0, crepeorpadHueckas npoex-
IMsl CMBIC/IA HE HMeeT.

3a 0s0iiHoe omMHOULEHUE MOUeK HQA KPUgoiL 2-20 no-
pAOKQ NPpUHUMAEM OMHOULEHLE MOYeK HA NPAMOL, Co-
OomeemcmeyOuUX MOYKaM KPUBOIL 8 cmepeozpagduiecroll
npoexyuu .

[ycts Touxkam kpuoit x', x''  xl xV coorBercrt-
ByloT Toukd npsamon &', § EHM EWV Hx npofinoe ort-
HouleHue, corjgacuo (1.7), oyuer

. (Elll _ E.l )(El\' — 5” )
Dlgl . 'gll . 'élll’ gl\)z

=11 11 IV 1
G —=8)E %)

OHo 1o onpeneaenuto paBHo D (x!', x! xMHl xIV) Bu-
v i =7 . .

pa3uM pasHoctd ¢ — <, rae i, j==I, I, MlI, IV, uepe3

KOoopAHHaTBH Touek Kpuso#t. 13 (1.17) umeewum:

(x"xj)z - X} x{;—kx'l' x{ —{—xéxé =
G (UE) AT
— — iy : . ( 5 gt
. (1_5:‘1 1 — 8- R -
+ o'’ s > =gl + +

484 Y 1Y =

1 i ; .
= — —o'p/ F —¥)".
2
Takum 006pa3om, ¢ TOYHOCTHLIO 4O 3HAKA

T l/ — 2 (xix/)
o'e!

[MToacrasasisi 31 BhipaxeHus B dopmyay (1.7), nonyuaem

[ HI 11 1V
D(x', £, %, x‘V)zD:]/(x * ) x ) 1,18)

! 2 (x xIV)

LA

3HAK KOpHsl OCTAaeTCs 3JeCh HEONpe eaeHHbIM.

1 9710 aBOKHOE OTHOWEHHE He 3aBHCUT OT BBIGOPA TOUKH §, U3
KOTOPO# MpOH3BOAHTCA NpoeKkTHpoBaHue [2; ctp. 102).



Hapsaay ¢ ¢opmyaoit (1.18) Moxkuo voayuuts aas D
U APYrylo, He cojepxkaulyilo pajaHka/nos. M3 dopmy.n
(1,7) crenyer, 4toO

oD — | — 2(5“'-——51 ) (EIV —5“ ) — (~lll E” ) (pl\j ) |

=111 =l /2lV =1
G'—2)E " —35)

[Toap3yacCh TOXKAECTBOM
(,31 - gm)*l (E“ . 51\/)2 — (gl — ¢ )‘3 (gul —_ glv)‘-’ —
— (y — EIV) (gu _ rlu) [Q (11 — gt )(51V — ¢l ) —
— (cI— g )(*;n' — &I )]
MOXHO Hpeo6pa3oBaTh MOCJAELHEE BBHIPAXKEHHE K BUAY

- i » T » » . » Vol ! DY
QD . 1 _ (:l - r:'l“ )2 (g“ _E[\ )2_ (:l - ;“ )3(:”1- gl\ )..

el Iv Il Iy
&' — V) @l gty

Cioza BXOAST TOJNBKO KBaapaThl pasnocrteit & — &, u no-
3TOMV JJis1 ABOHHOTO OTHOLIEHHsT TOYEK KPyra mnoJay-
yaeTCs BBIPAXKEHHE, He CoJepxaliee PajuKaioB:

1 I 11 IV I
(x! <My (o XYy — V)

(xl xll ) (x[ll X

2D—-1= 1y

(1.19)

(xl xl\") '(x“ X

§ 2. [IpoeKTHBHbIE METPHKH

1. Bo BBeaeHHH TOBOPHJIOCH O TOUKe 3peHuss Kaefina,
COIVIAaCHO KOTOPOH BeCaKOH rpymnmne mpeodpasoBaHuil He-
KOTOPOTO MHOroo06pa3usi COOTBETCTBYyeT FeOMeTPHSl 3TOTO
MHOroo6pasus. Tak, Hampumep, rpynne aBuKeHHH OObY-
HOTO NpPOCTPAHCTBA COOTBETCTBYET 3J€MEHTAapHas, WJIH
eBKJMA0Ba, TreoMéTpus 3TOT0 MNPOCTPAHCTBA, T[pymme
adpduHHEIX npeoOpa3oBaHuil COOTBETCTBYeT addpuHHAfA,
a rpynie npoeKTHBHBIX — NIPOEKTHBHAsA reoMeTpusd. I'pynna
JBMKeHHA M adduuHas rpynma sBJAKGIOTCS MNOATpyIIaMH
IPOGKTHBHOH TPYIHIIHI.

Hapsany ¢ atumu moarpynmamu KiuefiH npeasioxuni
paccMaTpuBaTh TakKue NOATPYNIbI NPOEKTHBHBIX mpeobpa-
30BaHHH, KOTOpHIE NepeBOAAT B ce0s HEKOTOPHI 06pa3
2-ro nmopsAka, T. €. KPUBYIO 2-TO MOPSAAKA HAM 2-T0 Kaacca
MPOEKTHBHOMN MAOCKOCTH, HOBEPXHOCTh 2-T0O MOPSAAKA WIH
2-r0 KJIACCa NPOCTPAHCTBA. i

[eomMeTpuu, COOTBETCTBYIOILHE 3THM I[IOArPYNNaM,
Ha3bIBAIOTCA 2eo.mempusinmu npocmpancms Kaeiina, uau
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Npocmpancme nOCmMOSHHON KPueu3nbl, a COOTBETCTBYIO-
wui o6pa3 2-ro nopsigka, nepexousuivii B ce6si, Ha3bl-
BaeTcs abcorwomom 3mux eomempui.

Mo3HO NOKAa3aTh, YTO C 3TOH TOYKH 3PEeHHS €BK/IHA0BA
reoMeTpuss MPOCTPAHCTBA 2-X WIHM 3-X H3MepeHHi#l ecTh
reometpus Kiefina, a6coatoToM KOTOpO# fiBAsieTCs mapa
MHMMO COMNPSXKEHHBIX TOYEK HJIH MHHUMAasl KpPUBas, paco-
N0XeHHble Ha HecOOCTBeHHOH npsAMO#i HAM B Heco6CT-
BEHHOIl NJIOCKOCTH COOTBETCTBEHHO., T. €. HEeKOTOpHIil
BBIPOXJEHHHH 00pa3 2-ro nopaaka. PaccmorpuM Temepb
takue miockue reomerpuu Kieiina, aGcoaroTOM KOTOPHIX
IBASIOTCS HEBBHIPOXKJEeHHHE kpuBele. [Ipnm moaxonsuiem
BHIOOpe KOOPAMHAT YpPaBHEHHS. 3THX KPHBHIX MOXHO 3a-
nucath B BHUJE

— x4+ 24 xi=0 (2.1)
HIH
X2 4 x2+4 x2=0. (2.2)

[lepBass kpuBas — neificTeuTeabHas. ['eoMmerpus Kaeiina,
aGCoJMIOTOM KOTOPOH OHA sBJSETCH, HA3BIBAETCS TUnep-
ooanveckoii. Bropas xpuBas — mHumasi. COOTBETCTBYIO-
Imasi e reoMeTpPUs HA3HIBACTCH IJJAHNTHUECKOH.

2. Paccmotpum noxpobGHee reometpuio Kiefina c aG-
comoroM (2.1), Tak kaKk B jajbHeflleM HAaM npujaeTcd
3aHUMATHCA B OCHOBHOM HMEHHO rumnepOooJHUYecKoH reo-
MeTtpueii. OGo3HauuM JeBYyH 4YacTb YypaBHeHus (2.1)
yepes (xx), T e. MOJOXHM

(xx) = — X} + 2 + x2. (2.3)
Buipaxxenue OGuanHeHHOH 10 OTHOLIGHHIO K JaHHOMY
abconoty Qopmu

(¥2) = — ¥o2o + V12, + V22 (2.4)
ABJAETCA MNOJAPHBIM NPOH3BELEHHEM TOYeK y H 2. Ecau

a0bCcoJIoT 3ajJlaH B NMPOW3BOJbHHIX KOOPAHWHATAX ypaBHe-
HUEM

2
Y aus xa x5 =0,
T, 3=0

TO [MOAsipHOE mnpou3BeneHue OyaeT

2
(2) = X Cus¥a 2

a, =0
K85.— 2 17



PaBeHcTBO HYyJI0 MOASIPHOr'O  HpoudsefleHus (y2)
03HayaeT TOJSAPHYIO CONPSAXKEHHOCTb TOYEK Y H 2 OT-
HOCHTEeNbHO adcoJawTa. .

AGcoaor (2.1) pasbuBaeT NDPOEKTHBHYIO IIOCKOCTH
Ha  JBe pa3/JH4yHble 00JaCTH: BHYTPEHHIO) M BHEIUHIOIO.
Kacareabnble H3 BHElIIHEH TOYKM K a0COAIOTY — peHCT-
BHTEJAbHbBlE, M3 BHYTpeHHeill KOMIUIEKCHO-COINPsKeHHBIE.
[asi BHYTPEHHUX TOYEK X MOJspHBI KBajapat (xx) < 0,
Jas  BHemwHux (xx) >0, njas Touek Ha abcoaioTe
(xx) =0. -

Jlast Touek, He Jexauux Ha a0CoJI0Te, MOXHO BBECTU
TaK Ha3bIBaeMble KQHOHU4eCKue Koopdunamel. [lepexon
OT NPOM3BOJBHBHIX KOOPAMHAT TOUYKH K KAHOHHYECKHM
ocyuecTsasercss mo gopmy.e .

v .
X=— (2.5)
V (xx) '
eCJIH TOYKAa X BHEIUHAA IO OTHOUIEHHIO K 36COJIIOTy, HJIH
no ¢opmy.e '
\'
X=— | (2.6)
V—(xx) ‘
\'
eC/H TOYKd X JIeXKHT BHYTPH a0COJMIOTA, MPHYEM X H X
0003HAUYaOT OAHY H Ty XK€ TOUYKY, HO B NHNPOHU3BOJIbHLIX
H KAHOHHYE€CKHX KOOPJAHHATAX COOTBETCTBEHHO. Hs omnpe-
JeJmeHud KAHOHH4YeCKHUX KOOPAHHAT TOYKH CJjaenyer, 4To
v

v Vv
(xx)=+1, ecan TOYKA X — BHeWHss K abBCOJIOTY, H
VvV \'4

(kx) = ~1, ec1u TOYKka X — BHYTpEHHsS.

[lycth x W y — 1Be JaHHLIE TOYKH, He Jjexauue Ha
abconore. IlpeanosaraeM, 4TO OHH 3ajaHbLl B KAHOHHUE-
CKMX KOOpAMHATaX, HO 3HAYOK VvV He numeMm. OmnpexenuM
paccTosiHHe MeXAY TouykaMH x u y. [lna atoro pac-
CMOTPHM Ha mnpsMoit {x, ¥} TouKy 2, NMOJAPHO COMPs-
XKEHHYIO TOYKEe X OTHOCHTEeJbHO abCo/aI0Ta; T. €. TOYKY,
aas kotopoir (x2)=0. Touka 2 MOxeT .Ji€XKaTh BHE
aocoamwra /(22)=1/, BHyTpu ero /(22)= — 1/ uaug Ha
Hem /(22)=0/. PaccmoTpuMm cHawana cjayyau, Korjga 2
He JIeXHT Ha abcoJaioTe.

Pa3ioxuM TOYky y mo TOYKAM X U 2.

y=1x+pz. @
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[Mycrs (xx) u (22) uMeOT oaHHAKOBBIE 3ilakd. Toraa

H3
2 2
(yy) =, (xx) + p°(22)

ClelyeT, uTo (yy) UMeeT TOT XKe 3HaK, 4T0 H (xx),
# uTo A® 4 p® =1 (MOXHO CUHTATh, YTO 3TOT 3HAK IIIOC,
T. K. B IPOTHBHOM CJAy4ae MOXHO H3MEHHTh 3HAaK y Bcex
YJEHOB- B ypaBHeHHH a6couioTa (xx) =0 u Takum 0O0-
pasoM J00uThCs, YTOOH npou3BeaeHus (yy) 4 (xx) umenn
3HAK nmoc) Toraa

y=XxXcCos® -+ 2sin ¢. (2.8)

IMycty (xx) u (22) umeoT pasuble 3Haku. VI3 pasen-
CTBa

(yy) = ¥ (xx) + p*(22)
caelyer, 4To
) (.1.2 = + 1,

mpuuyeM mJioc O6ydeT B TOM cJAyuyae, KOrAa 3HaKH (xx)
u (¥Y) oauHAKOBH. Torga MOXHO MNOJOXKHTL A= che,
p==sho n

y=xcho+ 2Zsho. (2.9)

Ecin 3Haku (xx) 1 (yy) OPOTHBOMONOXKHB, TO CJAeAyeT
NONOXNTh A=she¢, o =cCcheo ¥u

y=xsho + 2che. (2.10)

d’opmy.na (2.10) noayuaercsa u3 dopmyan (2.9), ecawu
TOUKM X ¥ 2 momeHATh mectamu. Cayuyafi mpoTHBOIO-
JOXHBIX 3HAaKOB (xx) u (yy) COOTBETCTBYET TOMY, UTO
TOYKH X ¥ Yy HAXOJAATCsA OJHA BHe, JApyrasg BHYTpH al-
conota. s ganapHefuwiero paccMOTPEHHS 3TOT CJAydaid
3HaueHuss He uMmeeT. [loaTomMy ocTaHaBauBaThbCs HA Qop-
mysae (2.10) mbl He Gyxem.
bydem wnassieamos seauwuny ¢, egedennyro . (2.8)
u (2.9), paccmosnuem mexncdy mouxamu x, y.
Paccrosiume ¢ 1BYX TOYeK X U § NPOCTO BHIpa-
KAeTCsA 4Yepe3 HaTypaabHBIil Jorapu¢m ABOHHOIO OTHO-
IHeHUs 3THX TOYeK W Touek ¥, U £, nepeceueHus IpsaMoM,
npoxojsieit yepes 3TH TOt{IxH (MTH TIPAMOMN, NPOXOAd-
wef uepes TOUYKH X H 2) .

' f=Ax -+ we
¢ a6CcoaITOM.
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Urto6sl nafitu f;, u f,, HaLO ONPEfeJUTL OTHOLenHE

1.
—— H3 paBeHCTBA
U

(tt) = (hx + p2)* =0. (2.11)
B cayuae, ecsau 3uaku (xx) u (22) onunarosne, (2.17)
nMeeT MecTo, KOTrJa
W4 p =0,
I. €. Korjga i = - ik, Toma t,=x+ iz, t,=x— 12, Wil

= tl';t”, 2 = t‘Q . Orcoaa u u3 (2.8)_umeewm:
i

y="Fcos o 41

—t s1nw—~~(cosw~—zsmcp)t

+ -Q—(COS o + ising) t, =e ¢t + e¥t,.

Takum oGpasow,
D(t, t,, x, y)=—=e %
U '

cp=~_i—lnD(t,, t,, X, V). - (2.12)

B cayuae, KOT @ 3HaKH (xx) u (22) pasubie, u3 (2.11)
crenyer, uto M— p?=0, 1. e. p= £ A Torza #,= x + 2,

, —t
[Lb=X—2, HIl X = ‘-;t , z=t1__2_ . IMoacraBasia x u
2z B (2.9), noayuvaem:
t t-. '—t~- . —_—n
-:—:i-.._"chgp—i— L 'Sh(P:eTtl'f'e‘rtg.

JBojfiHoe oTHOLIeHHE
D(tl’ tz, x, y)-"—“e?":
H
~Lubpa, t, £ v). (2.13)

Dopuyast (2.12) u (2.13) svipaxcaom paccmosHue %
08y X mouex uepe3 HAMYpPAAbHbLI A02APUPM HEKOmOopozo
0seoiinozo omuowenuss. M3 s3tux ¢opMmyn cpasy BHIHO,
YTO pacCTosiHHe JBYX TOYEK, BBEIECHHOE HaMH, ABJISETCS
UHBAPHAHTOM TrPynnbl runepOo/andecKux ABHKEHHH.
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@®opmyant (2.12) u (2.13) Takke mn0OKA3LIBAIOT, uTO
paccTosiHHe MpencTaBisieT QYHKIHIO, Y 10BIeTBOPSOILYIO
YCJAOBHIO aXTHTHBHOCTH, T. €.

¢o(x, )+ 9y 2)=9(x 2. (2.14)

UTto6n yOEAUTHCS B 3TOM, PA3JIOKUM KaXJAYI H3 TOYEK
X, ¥, 2 1o toukam ¢, u £,

x =a,t; + B2,

y =ty + oty

z = ogl; + 351,
Torna

?(x, y)=cln (—1 -"—-> =c(In3, +1na —Ina;, —In 3))
o} Clj

(P(y, z) = C(lnsg‘i‘ lna3— 1[’112—*-1[‘1 .33)
o (x, 2) =c(InB, + Ina;— Ina, —In By,

OTKyAa U caejfyeTr paBeHCTBO -(2.14).
4. U3 ¢. (2.8) creayet, 4TO NpH KAHOHHYECKOM HOp-
MHPOBAHUH

Pt cos ¢ = (xy).
Ecii KOOpAMHATH He KAHOHHYECKHE, TO
2 (xy)g =
COS“ @ = ————u | 2.193)
(xx) (yy) (215
M3 &. (2.9) anasoruuHo mnoJyuaem:
chlo = L (2.16)
(xx) (yy)
IMosoxHM
=) (2.17)
(xx) (yy)

J seasemes unsapuanmom 08yxX mo4ex.
dopmyant (2.14) u (2.15) nokasnBaIloT, 4To

J = cos®o, (2.18)

korjpa 3Haku (xx), (yy) u (22) oAHHAKOBLIE, T. €. mpsiMas
{x, y} He nepecerxaer aGcoJlIoT.
" UuBapuanT

J=ch’o, (2.19)
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Korna 3Haku (xx), (Jy) ONMHAKOBHL M NPOTHBOIIOJJOXHHI
3Haky (¢2), T. e. korma npsimas |x, y} mnepecexaer
abCcoaIoT.

B mepBoM cayuae 0 <J <1, Bo Bropom | < J < co.

5. Cayuaii, xkoraa (22)=0 u npamas {x, y}, caexo-
BaTeJbHO, KacaeTcss abcoJsioTa, HAXO pacCMATPHBATH KaK
npexeabHbli, KOrga TO4YkH £, U f, COBNAZAIOT C TOYKOM 2.
Torpa, kak u3 dopmyasl (2.12), Tak u H3 (QOpMYyJHl
(2.13) caemyet, uto ¢ =0, TaK Kak B 3TOM CcCJyuae
D(t, t, x, y)=1. Bupaxenue (2.17) cTaHOBUTCS mNpU
3TOM HeomnpepeaeHHbIM. YuuTbiBasg (2.18) u (2.19), ecre-
CTBEHHO MOJIOXKHTb €r0 PaBHBIM 1.

6. i nanbHeRiero 6yjaeT MOJAE3HO HMETh BhIpaxe-
HHe JUHEeHHOro 3/1eMeHTa B THIepOOoaHYeCKOH MIOCKOCTH.

[TycTh Ha mJIOCKOCTH 337JaHa kpuBas x = x (f). Ilpexn-
MIOJIOKHM, YTO KOOPAHHATH BCEX TOYEK KPHBOH KaHOHH-
yeckne. OTcl0Aa caelnyer, 4To

(xx) =1, (xx)=0, (xx)+ (xx)=0 (2.20)

(Touku o3HauaT auddepeHuupoBaHue mo f).

OG6Go3HaYUM pacCTOsIHHE MEXAy ABYMsI OECKOHEUHO
GJU3KMMH TOYKAMH KPHUBOH X U x -+ Ax uepe3 ds. ®op-
myaa (2.15), Bblpakamouiasi pacCTOsSHHE MEXAy ABYMs
TOYKAMH, 3anulleTCcss B pacCMaTpuBaeMOM HaMH cJjyuae
B BUIE

cos (ds) = (x, x + Ax).
Tak kak x +Ax = x + x df + —;-.}i:(df)2 + ..., TO, yuu-
thiBast (2.20), moayuaewm: \
cos (ds) = 1+ - (x%) (a1)" + ...
C npyro#t cTOpOHHI,
cos (ds) =1 — -;-(ds)Q f o

ComnocraB/sis  noJy4YyeHHble BbHIpaxeHHs AAs  cos (ds),
HMeeM
ds’ = — (xx) dt,
uau, B cuay (2.20), .
ds® = (x x) (df)’ = (dxdx) = dx>. (2.21)
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TakuM o6pa3om, HEEBKJIHJIOBa AJHHA JAVIH B runep-
60JHYEeCKOA MAOCKOCTH Oyaer

s — § vV Gex) dt. (2.22)

fo

AHAJMOTHYHBIE PE3yJbTATHL HMEIOT MeCTO WU AJs CJy-
yasy 3AJMHNTHYRCKON MJIOCKOCTH.

§ 3. Crepeorpacuueckas npoekuusi cgepbol.
TeTpaunkKiInyeCKHe KOOPAHHATbI TOYeK
M KpPyros B IMJIOCKOCTH. Kpyrosas reomerpus
B NJIOCKOCTH

1. OT nNpoeKTHBHON NJOCKOCTH, PACCMOTPEHHOH B Ipe-
ABIAYHINX naparpadax, nepefiaem Tenepb K NPOEKTHBHOMY
TpeXMepHOMY MNpOCTpaHCTBY P;. OCHOBHHE MNOJOXKEHHS
NPOEKTHBHOHX Tr€OMeTPHH 3TOTO NPOCTPAHCTBA BBOAATCSH
O AHAJOTHH C OCHOBHBIMU IOMOXEHHSMH NPOEKTUBHOM
reoMeTpruud NJIOCKOCTH.

Kaxnofi Touke mnpocrtpaHcTBa P; - COOTBETCTByeT
NCeBAOBEKTOP X (X, X;, X X;) 4YEeTHIPEXMEPHOTO IpO-
cTpaHcTBa. Byaem HasbiBaTh KOOPAMHATBEL 3TOTO BEKTOPA,
onpeJe/ieHHble ¢ TOYHOCTHIO A0 MHOXHTeJs, OAHOPOA-
HHIMH KOOpIHMHATaMH COOTBETCTBYIOLLE# TOYKH HPOCT-
paHcTBa Pj.

ﬂnocxocm 3a7aeTCsl ypaBHEHHEM

UyXy + 1, X, + UyXy + UzXy =0, (3.1)

ApUYEM ICEeBAOKOBEeKTOD (1, u,, Uy WU;) HA3BIBACTCH
KOBEKTOPOM IIOCKOCTH. '

[Ipsimass B mpocTpaHcTBe, KaK H MpAMas HA IIOCKOCTH,
3a/1aeTCA mapamerpUueCKUMH YpPaBHEHUSIMH

x = ay -+ 82, (3.2)

rae y H 2 — TOYKH Ha 3TOH NPSIMOM.
Y paBHeHue

3
Y bap X x5 =0

. a, =0
3ajgaetT B HpOCTpaHCTBe HOBerHOCTb BTOpPOTroO mopsnka.
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3a cueT MpPOeKTHBHOro NnpeoGpa3oBaHust OAHOPOAHBIX
KOODJAMHAT MpOCTpaHcTBa P,;, aHaIOrHuHOro Npeob6paso-
Banuio (1.1) B maockoctH,

3
x,=Xpix;, i=0,1,2 38, |p]|+#0, (3.3)
j=0

ypaBHeHHEe BCAKOH HEeHCTBUTEJLHOH OBaJbHOH IOBEpX-
HOCTH 2-TO MOpsiJKka MOXHO 3amucaTh B BHJE

— X2+ x4+ 424 x3=0. (3.4)

Beenem cokxpauieHHoe o003HaueHHe AJst KBAJpPaTHU-
HOH ¢OpMBI B JI€BOH YACTH 3TOTO YPAaABHEHHS

(xx) = — X2 4+ x4+ x2 4 2. (3.5)

CooTBercTBylomyio et OuauHeifiHylo ¢opMy, Kak

H B IJIOCKOM dCJayuae, 6y,1eM Ha3blBaTh MNOJAPHBIM MPO-
H3BEJeHHEM TOUCK yV H 2.

(¥2) = — yo2o + 121 + V225 + V325 (3.6)

- Ecau BBecTH Hapaay C OZHOPOXHHIMH H HEOAHOPOJI-
Hble JeKapToBbH KOOPAHHATH NMPOCTpaHCTBA 5, 7, { C mo-

MOLbIO (pOpMyJI E:.'.r.:)-’ 1):—__":_3.’ { = ."f.’_.’ TO YypaB-
Xo Xo X0

HeHHe NOoBEpPXHOCTH (3.4) mpHUMeT BHJ
44+ =1 (3.7)

2. B npocTtpaHCTBe npoeKTHBHbIe Mpeolpa3oBaHHs
3ajaloTcs GopMyJsaMH, aHaJIOrMYHBIMH (opmyaaMm (1.17):

3
=Y px, k=0,1,2 3, [p,|+#0. (3.8)

=0

[IpumMeM HEKOTOPYI0 MOBEpPXHOCTb 2-T0 MOPsAAKA 3a
a6conor K. Byaem 3ajgaBaTp abcoaioT K ypaBHEHHEM

(xx)=—x24+ X2+ X2+ x53=0 (3.4)

M HasblBaTh €r0 HHOT1a CoKpalleHHo chepoit K.

PaccMoTpuM moarpynny MNPOEKTHBHHX TNpeo6pasoBa-
uuil (3.8), koropas mepesoiuT a6conT B ceba. ITH
npeo6pa3oBaHUs HA3HIBAIOTCSL 2unepOoAutecKumu 08u-
wcenusimu. TeoMeTpus, COOTBETCTBYIOLIAsA TPYMNNe TaKHX
npeoGpa3oBaHuil, OyneTr zunepoosuteckoli zeomempueil
mpocTpaHcTBa P
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Iast Toro 4TOGE HMETHh THHEPOOJTHUECKHE JBHKEHHS,
HEOOXOAHMO H 10CTATOYHO, 4TOOH (opma — X3+ X3+

+ %24 x2 nmocie mupeob6pasopanus (3.8) oT.amuasach oT

2 2 2 «3
popmbt — Xg" + X} + X} + X5 TOAbKO MHOXKHTEJEM. DTO
3HAYHUT, YTO B NMpeo6pa3oBaHHOR ¢opme K03 HUIUEH TH
2

#2 %

*2
npH Xx; , X, , X; JAOJKHH HMeTb oO6lkee 3HaueHHe /,

kKo3hduuMeHT npu Xy a0/KeH OLITh paBeH — i, a BCe

oCTanbHbE KO3QPHUUHEHTH TOJKHBI OBLIThH PaBHbI HYJIIO.
B cuay oapHopomHocTH TeTPAaUUKJIHYECKUX KOOpPAHHAT
MHOXHUTEeJb /A MOXHO CBecTH K 1.
[ToaToMy, ec/aH MOM0KHTH
ij_ . . . . ‘ . - o
eV = —pipi+ pipi+pipl+ pip}, (3.9)
TO YCJOBHS WHBAaPHAHTHOCTH ypaBHeHHs (xx)=(0 3amnu-
HIYyTCSl B BUJE
__eoo____ell_____em:e%:__l ‘
y . _ ’ (3.10)
e’ =0 npu L=~ j.

Atux ycaosuit 10, Bcex koapduuuentoB 16. Taxum 006-
pa3oM, rpymmna runepooJHYEeCcKHUX ABHKEHHH UIeCTHYJIeH-
Hasa. Bynem o6o3nauaty ee H.

3ameTHM, 4YTO paccMaTpuBaeMas MaTpuua Ko3phu-
UMeHTOB npeo6pasoBanuit |p/| nepexoauT B OPTOTO-

HaJAbHYIO, €CJIH B HeH TNepByl BepTHKaJAb MU MEPBYIO
TOPH30OHTaAb YMHOXHTb OJHOBpPeMeHHO Ha i. [lo3aTomy,
KaK 4 B CJAyYae OpPTOTOHAJAbHOR MaTpuIel, cucrema (3.10)
MOKeT ObITb 3aMeHeHa 9KBHBAJeHTHOH CHCTEeMOH; HMEHHO,
eC/MU MOJOXHUTDb

— 0 1 3 py

e, = — D} p) -+ pip} + p}p: + p}p], (3.11)

TO BMecTO YypaBHenu#t (3.10) MOxHO 3amucaTh Ypas-
HeHHUd

— €gp == €1 = €y = €33 = 1, (3.12)

8U=0 IIPH i?f'j.

3. C nomoublo abcoaroTHOi cdepbt K YCTaHOBHM

COOTBETCTBHE MEXJAY TOYKAMH MNPOCTPAHCTBA U TOY-

KaMH HEeKOTOpOH MNJAOCKOCTH, INPHHUMAEeMOH 3a 0CliOB-

Hy10. IlycTb 3Ta mJA0CKOCTH ABAAETCA 3KBATOPHAIbHOM
IVIOCKOCTbhIO Cdepl H COBmajaeT ¢ KOOPAMHATHOH
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IJIOCKOCTBIO %, 4. Bynem mpoekrtupoBath Touku cheps K
M3 [0XHOTO [OJI0Ca § Ha 3Ty IVIOCKOCTh. TOoyke X
cepsl CTaBHTCA B COOTBETCTBHE TOYKA & MJIOCKOCTH.
Paccumampusaemas npoexkyuss Ha3veaemcsi cmepeozpa-

4

guueckoii. OHa ycTaHaB/AHBaeT B3aHMHO-OXHO3HAYHOe
HENPEPHBHOE COOTBETCTBHE TOuek cdepsl U MJIOCKOCTH,
€CAH YCJAOBUTHCS JONOJHHTEAbHO, YTO TOUYKE § COOT-
BeTCTBYeT OECKOHEYHO yjajJieHHass TOo4Ka IJIOCKOCTH.
[1rockocms, umenwas o0Hy  OeCKOHELHO-YOANEHHYIO
(uan HecoOCmBEHHYI0) MOUKY HQA3bLBAECMCST KOHPOPMHOL.
bynem o603Hauate ee M,.

Hatinem touky x(x, x;, X5 X3) cdeps, eciu 3anaHa
COOTBeTCTBYWOIIAas Touka miaockocty §(1,0, &, %) U Touke
I0XKHOrO I10JII0Ca COOTBETCTBYET ncespoBekTop § (1, —-1,
0, 0), wau § (a, —a, 0, 0).

Touka x aexut Ha chepe, NOITOMY ee KOOPJAHHATHI
yaoBieTBopsioT ypaBHeHuo (3.4). Kpome Toro, tak kax
TOYKH §, X, § JexaT Ha OJAHOH mpsiMOH, TO BCe oIpe-
JeaUuTeqan 3-T0 TOPALKA MaTPHIL

X, 1, 1
. Xy, —1, 0
Xy, 0, %
X3, 0,7
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NOoJIXKHBL OBITb PaBHBL HYJI0, T. €.

(xo+x1)2—x2=0 (313)
W3 ypasueunit (3.4), (3.13), (3.14) nmeem:
182 4
Xg=p +2 + 7
_ 1= E+7)
X =p———— (3.15)
)C2 == ps
x3 =0,

rae p — NPOU3BOJbHBII MHOXHTeAb. YTOObB MOJYYHTD
KOODAMHATH TOUKH §, HANO MOJOMKHUTb, UTO &, (1) — 09,
o— 0, pE(pn) — 0, a p&*(pn’) KoHEuHHL.

Tak Kaxk Mexa1y TouxkamMp x cdepbl u TOuKaMu §
NJIOCKOCTH YCTAHOBJEHO COOTBETCTBHE, OJipejeseHHO0e
cTepeorpapuueckoi Nmpoekuuel, TO OXHOPOAHBIE KOODP-
JHHATH X, X;, X,, X3 TOUKH C(hepb MOXKHO paccMaTpH-
BaTb KAaK KOOPAHMHATHL COOTBETCTBYIOIIEH TOYKH Ha
miockoctu. Koopduwamer x, X,, X,, X3 HaA36L6QI0OM
mempayuKAuLecKumiy KOOpOUHAMAamL MmoLK nAOCKOCMU.
OHu mosyuaioTcsi M3 OOLIYHHIX KOOPAMHAT &, % mo ¢op-
myaaMm (3.15). IDTo OJHOpPOJHBIE KOOPEHHATH, KOTOpHIE
KPOMe TOrO CBsI3aHB COOTHOIIeHHeM (3.4).

Crepeorpaduueckass npoekuuss yCTaHaBAHBAET COOT-
BeTCTBHE HE TOJbKO MexJAy ToukaMu cdepol W MI0C-
KOCTH, HO H MEXJYy TOYKaMH BHe C(eph H HEeKOTOPHMH
reoMeTpuyecKHMH 06pa3aMH Ha MJAOCKOCTH. PaccmoTpum
3TO COOTBETCTBHE.

Has Touexk Y (Yo Vi, Vo V3) BHe chepn (yy) > 0;
NOJsiPHAsi MJIOCKOCTh TOYKH ¥ OTHOCHTeAbHO cdepbl K
nepecekaer cgepy no kpyry. Takum oOpa3om, Kaxjaou
TOUYKe BHe cdepbl COOTBETCTBYET ONpeAeNeHHbIH Kpyr
Ha cdepe. Doapmmue Kpyrn npH 3TOM HAA0 CUHTATh
COOTBETCTBYIOLIMMH HECOOCTBEHHHIM TOYKAaM NPOCTpPAH-
crBa. Kaxjomy kpyry Ha chepe B cTepeorpaduueckoi
NpOeKIHH COOTBETCTBYeT HAa IVIOCKOCTH KPYr HAH Tpo-
Masi. IleficTtBuTeabHo: oGpa3 kKpyra Ha cdepe umeer Ha
INIOCKOCTH B TEeTPAUMKAWYECKHX KOOPAMHATAX X, X,
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X, Xi, TO XK€ ypaBHeHHe, 4TO H caM Kpyr Ha cdepe:

(yx)=0. (3.16)

[ToxcraBum ¢opmyan (3.15) B 3T0 ypaBHeHHe H HOJy-
YHM:

(Vo + VD) E + 1) — 25 — 2y =y, —y,.  (3.16')
Ecin  yo+¥,7#0, TO 3TO0 ypaBHeHHE Kpyra, ecjau
Yo+ v, =0, TO ypaBlieHHe TMpPsIMO{, KOTOPYIO MOXHO
paccMaTpUBATh KaK MNpeAeabHBId CJAy4Yald Kpyra — Kpyr
peckoHeuHo OGouabimoro paauyca. [Ipsmasg noayuyaercs
IpH MNPOEKTHPOBAHMH HA NJAOCKOCTb Kpyra, MNpoOXois-
mero yepes OXKHBIH NOJI0C Cephl.

Takum o06paszom, nocpencTBOM CTepeorpaduueckoi
MPOEKNHU YCTAHABJHBAETCS COOTBETCTBHE MeXI1y TOUY-
KaMu BHe cdepbl ¥ Kpyramu Ha miaockoctd. Koopdunamer
Vor Vi» Vo» Y3 MOUKUL Y HQA3BLBAIOMCS mempayukiuye-
cxkumu koopounamamu kKpyea 8 naockocmu. Ecau
Vo+ ¥, =0 n kpyr (3.16') craHoBuTcs mnpamoi y.t +
+ Y=Yy, TO BEJAHUYHHH Yy, Vi V, NPeBPalIaIOTCH
B OOBIKHOBEHHBIE OJXHOPOJHHE KOOPAHHATHL MNPAMOM.
B o6wem cayuae (y,+y,0) us ypaBnenus (3.16%)
MOXHO HaHTH BBIPaXKeHHS KOOPAMHAT LEHTPa Kpyra &,
Ny U paanyc R, depe3 TeTPAUUKJHYECKHE KOOPIHHATH
3TOTO Kpyra:

E = .y2 Y - -y:} b
Yot 0T Tt
: 2 20 2 2
R? — — Yo+ +y3+; (3.17)
' ( Yo+ 1) .
OTtclona
o F Gt R
2
gm0 it 0 (3.18)
y2=65
Vs =97,

rle G — NPOH3BONBHBIH MHOXHTENb.
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Ecau Touyka y Gepercs na cdepe, 1o (yy) =0 u kpyr
(3.16’) npeBpamaetca B Touky. B dopmyaax (3.18) Hano
NoJAOXHTh Ry=0, U TOrAa 3TH (POPMYJb NpPEBPAINAOTCH
B ¢opmyan (3.15). Ilpexuuii caywait crepeorpaguue-
CKOI'0 MPOEKTHPOBAaHUsl TOUEK Cepr BLICTYNAaeT Tenepb
KaK YaCTHHIA CJayuaf.

Takum oGpas3oMm, cmepeozpaguieckas NPoeKyus
ycmanagaugaem cOOmeemcemsue meicoy mouKamu mpex-
MEPHOR0 npoexmusnozo npocmpawcmsa P,, Haxodsuju-
MUCS HQ cepe uin éHe ee, U Kpyeamu 8 KOHPODMHOU
naockocmu. [lpu amom 8 4uciro Kpyz08 BKEAOLAOMCSA
Kpyeu Hyaesozo0 paduyca (mowku) i Kpyd OecKoHeiHO
6oabwozo paouyca (npamee).

JOas tTouex BHyTpu mapa (yy) <0 u crepeorpaduue-
CKas NPOeKIHsl CMHCJa He uMmeeT, TAK KaK y TaKHX TO-
YyeK ‘MOJspHAsT IJIOCKOCTb He mepecekaeT cdepy H He
CyUeCTBYeT HHKAKHX AeHCTBUTENbHHIX TOYEK Ha IMI0C-
KOCTH, COOTBETCTBYIOUIHX A3THM BHYTPEHHHM TOUYKAM
chepel. U3 dpopmya (3.18) creayer, 4To B 3TOM Cayuae

R; < 0. MoXHO CuuTaTh, 4TO TOYKAM BHYTPH chepsl K
COOTBETCTBYIOT KPYI'M YHCTO MHHMOrO pajHyca.

4. Ilpn crepeorpaduueckoit mpoexunu cdepn K Ha
NJOCKOCTb Tpynme rHnep6o/uYeckux asBvxeHuit Hy mpo-
crpanctBa P; coorBeTcTByeT rpynna M, xoTopass Kpyru
1 npsiMble Ha INIOCKOCTH A, mnepeBOJXUT B KPYTH W Nps-
mble. TOUKH NpH 3TOM NEepPexoxiT B TOYKH.

Ilpeo6paszoBauus rpynnbt M 3ajaroTcs aHAJIHTHYECKH
Takxe ¢opmyaamu (3.8), HO BeJHYMHH X; HAJAO0 PaCCMaT-
PHBATh KAK TETPANUKJIHYECKHE KOOPJAHHATH KPYroB Ha
miockocTu. [pynny M 0ydem wnazeeams 2pynnoi Kpy-
2osblx npeobpal3osanuii Ha naocKocmu, a nopoxcoae-
MYIO UMUL 2e0MEMPUIO — KPY2OBOLL.

pynna H; nnaynupyer Ha cdepe K rpynny Toueu-
HBIX Npeobpa3oBaHuit chepsl B cebs, NMDUYEM KPYru Ie-
pexoadaT B Kpyrd. Ilpu 3THX DpeoOpa3soBaHHAX TOUYKA §
I0KHOTO 1IOJII0CA MOXeT MepedTH B J106YyI0 JIpyryio
Touky cdeps. OrTcioza caenyer, 4TO TpU COOTBeT-
CTBYIOIIMX KPYTOBHIX HpPeoOpasoBaHusix B IIOCKOCTH M,
HeCcOOCTBEHHasi TOYka MOXKeT OblTh IepeBejeHa B JIO-
6yi0 cOOCTBEHHYIO TOYKY, H. CJeJ0BaTeJbHO, NpsiMble
(kpyru, mpoxojlsdliHe 4Yepe3 HeCOOCTBEHHYIO TOUKY),
BOOOwIe roBOpsd, NepexolsiT B KPYTH.
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5. PaccMoTpuM Takyio noxrpynny KpyroBhiX npeo6-
pa3oBaHHH, KOTOpas COXpaHsgeT HeCOOCTBEHHYIO TOYKY,
T. C. NePEBOAUT NpsimMble B npsaMmble. [lokaxeM, yTO pac-
cMaTpuBaemeie npeoOpasoBaHus MNpeACTaB/IsAIOT npeobdpa-
30BaHHs NOJO0OHST (rOMOTeTHS W EeBKJHAOBO JABHKEHHeE).
HeficTBUTEAbHO: KPYyroBble MNnpeob6pa3oBaHHst — 3TO Ipe-
oGpa3oBaHusi Buaa (3.8) mpu ycaosusx (3.10) mam (3.12).
YcaoBusi, uTo HecoOcTBeHHass Touka (x, —a, 0, 0) nepe-

XOAHUT B HecobGcTBeHHyo (1, —1, 0, 0), 6yayT caepyio-
. P— P+ = o =0
py="p; (3.19)
p3=p}.
M3 ycnoBnii (3.19) u (3.10) uau (3.12) monyuaem, 4TO
Y+ pf =1
2y =1 (3.20)

p2p3+p2p3=0,
a TaKxe, 4TO
pi+pi=0

, 3.21
P+ pi = (3.21)
(B nepBoM cayuae paccmMaTpuBaeM PABEHCTBA €,y =
=ep=1, €3=0 u (3.19,,); BO BTOPOM — paBEHCTBa
" =e!? = (; e =¢e!®* =0 un (3.19)). 3anucwiBaeM npeooG-

pasoBauus (3.8) B 1exapToBhiX KOoOpaHHaTax &, 7, BOC-
110/1b30BaBIIHNCL (popmyaamu (3. 15)

1+5492 5, 1+¢ +"]$Q )

2 Po 2 "

1 — (*% + 79)
2

+ 1l + 23 + s
i

1 — (&
0 E+ 7 .

2
1— (& 4 %%
2

+

= p)

+ p} + pE* + pin; (3.22)
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11“(§*~+‘q*)
2

o
p.=p3 5 + D,

I...

+P3E A+ pin;

2 2 .2 2
14 &% o — (& +

+ piE* + pin*.

YuuthBas yciaoBus (3.19,;), MOXKHO mepenucarth IO-
caejHMe JBAa W3 3TUX PABEHCTB B BHJIE:

f = (P + pl + 1))
P (3.23)

1 . ¥
n=—(p5*" + P + pY).
CkaajnniBas mepBble J(Ba paBeHCTBa (3.22) W TpHHH-
Masi BO BHUMaHHe YCJIOBHS (3.19)), (3.21), umeem:

-1
=7 (p0+ o+ P+ p)=pi+ py=const.  (3.24)

dopmyan (3.23) aBasgwoTcs GopmyaaMH NOpeob6pa3oBaHHA
TOYeK B IJIOCKOCTH, 3aJaHHBIX B HEOJHOPOJHBIX JeKap-
TOBBX' KOOPAHHAaTaxXx. ITH NpeoOpa3oBaHusi JHHEHHHI,
MAaTpHIA KO3(PGHIHEHTOB

|

| P 3]

:lpap-‘*‘

OpTOroHaJbHasi, Kak 3710 caeayeT 3 (3.20), koadpdu-
1

HHEHT — T[OCTOSHHLIA, Kak 3TO BuITekaer H3 (3.24).

P

Takum o6pa3oM, 10Ka3aHo, yTo npeodpasosanus (3.23)
NpeACTABASIOT npeobpa3oBaHus MOA00OHA.

6. daa runep6oanueckoit reomerpnn B MPOCTPAHCTBE
HMEIOT MECTO Te XKe INpenaoxe $hopMyJBl, UTO H
AJisi  THHepGOoMHYeCKOH reome'rpmps MJIOCKOCTH, KOTO-
prie Oblin ormeuensl B § 1 u 2. dopmyna (1.19) prs
ABOWHOrO. OTHOIIEHHs 4-X TOUYeK HA Kpyre MHOpUMeHUMa
M K Kpyry, Jexamemy Ha cdepe. Ilpu rumepbonnueckux
ABHXEHHNAX 3TO JBOHHOE OTHOWIeHHe He MeHsercs. Or-
cloaa caepyer, 4YTO IABOHHOE OTHOUIeHHe 4-X TOYEK HA
Kpyre B MIOCKOCTH M, ocraeTcs HMHBADHAHTHRIM IIDH
KPyroBulX NnpeoOpa3oBaHHsX.
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§ 4. Yrapl Mexny kpyramid B KohndopmHoi
NJIOCKOCTH

1. B§2 Oblin noty4eHsl HHBapHaHThl THIIEpOOIHYECKOH
reoMeTpUH Ha IMJIOCKOCTH, CBfI3aHHblE C PACCTOSTHHEM
MEXIYy ABYMS TOUKAMH. ODTH HHBAPHAHTH HMEIOT MECTO
M AJa THOep6oJHYeCcKOd FeoOMeTPHH TpPexXMepHOro Impo-
ctpaictBa. [l1sg paabHefiniero HauboJsee BaKeH cayuafi,
KOrja TOYKH X H Y Jexatr BHe K H mpsimasg, HX COeIH-
Hsaoulass, He mnepecexkaer K. Torma, cornacko (2:17),
(2.18),

(xy)? 2
= ——— = 4.1
* (xx)(yy) c0s (#1)

JlaguMm uCTOJMKOBaHUE HHBapuaHty J B MJAOCKOH Kpy-
roBOll reoMeTpHH, COOTBETCTBYIOLICH TrUIepOOSHUECKONH
reomerpuu P,;. BHemHuMm no ordomeHuio kK cpepe TOY-
KAM X H Y COOTBETCTBYIOT KPyrd Ha mnJjaockocTH. Tak
Kak npsMasi, CoelHHsAwmass x H Yy, He Mepecekaer
cepy, TO COOTBETCTBYIOIIHE KPYIrH Ha IJOCKOCTH me-
pecekalpTcsi. [leficTBUTENbHO, B 3TOM CJayudae mpsiMas,
SBAAIOIASICS MoJAsipolt npsimoit {x, ¥}, nepecekaer chepy.
Ho oHa sB/AsieTCSL OCbKH NYy4YKd BCeX MJIOCKOCTEH, MmoJsip-
HEIX TO4YkaMm mpsmoit {x, y}. CiaexoBareabHo, KPyrd Ha
cepe, COOTBETCTBYIOIIME TOYKAM X, J, a TAKKE H CO-
OTBETCTBYIOIME HM KPYIFH B KOHQOPMHOH IJIOCKOCTH,
e peceKanTCs.

KoopauHaTel To4ek X M Y SIBAAIOTCSH TeTPALHKJAKYeE-
CKMMH KoopauHatamu KpyroB. [lo dopmyaam (3.18) Bh-
pPas¥M 3TH KOOPAHHATHl Yepe3 KOOPAHHATHL LUEHTpa W
pajHyC Kpyra W moacraBuM B BelpaxeHue (4.1) auas J.
[Tycts Touke x coorBeTcTBYeT Kpyr (%5, 7o R,), Touke

¥ — Gy, M Ry). Torna
J = (— X@o + X1 Y5 + X3 ¥+ X, ¥a)?
(— s+ 5+ g+ ) (= 3+ od 8+ D)
_ [(eo — %) + (10 — ) — (Rg + R)) ]
%RoRs '

Jlas nepecekaiouXCst KPYrOB BhHIpaxkeHHe B CKoGKax
IPEeACTABJASIET YTOA ¢ MEXJY KPyTaMH.
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JleficTBUTENBIIO!
. . b) ~.) ~
MM = Ry + Ry —2R\R,cosp =
z T \2 =2
= (% — %) + €no — M0),
OTKYJA '
(o — B + (10 — Mo = (Ry + 15 )

—Ccostb =

2RyR
Tak kak $ == — ¢, T0O —COsP = cos ¢.
Takum 06pasowm,
___(xy)2
(xx) (¥¥)

= cos’ o, 4.2)

T. €. unsapuanm J 08yx Kpyez08 npedcmasgasem Keao-
pam Kocumyca yeaa mexcdy smumu Kpy2amu.
CpaBuuBas dopmyast (4.1) u (4.2), 3akawuaem, 4TO
yroJq Mexnay aByMs KpYyraMH Ha MJIOCKOCTH paBeH He-
€BKJIHIOBY PpAacCTOSAHHIO MeXAy TOYKAMH B IIpPOCTPaH-
CTBE, COOTBETCTBYWOIUMMH 3THM Kpyram B cTepeorpa-
“puueckoit mpoexknuu. [Ipu 3TOM AOMKHO HMETH MECTO

orpanuuenue 0 < ¢ < %

~ YcaoBue OPTOrOHaALHOCTH ABYX KPYTOB IOJy4aeTCs
‘B BHjE

(xy) =0, (4.3)

T. €. KaK ycJoBue IIOJI?lpHOf;I COMpsi:KEHHOCTH 1IBYyX CO-
OTBETCTBYHOUIUX KpPyram TOUeK.
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Jasi 1ByX KacamoluHXCs KPYyroB B IJIOCKOCTH, COOT-
BETCTBYIOULHX Iape TOYeK B NPOCTPAHCTBE, y KOTOPLIX

COeMHAIOWAA MX IpsAiMas Kacaercs chepur, ¢ =10, T. e.
J=cos’9 =1 u, caexoBaTegbHO,
(xx) (3y) — (x9)*=0. (4.4)

OauH W3 KPyroB, HampuMmep x, MOxkeT OOPaTUTHCH
B TOUKY, M 3TO OyJaeT TIpaHUYHBIM CJay4aeM KacCaHUsl.
[Tpu stom (xx)=0 u (xy)=0. Takum oOpasom, pa-
sencmeo (4.3) 6 cayuae, kKo0a o00ur U3 Kpy08 npespa-
waemcss 8 moO4Ky, 8uLDANCAEM YCAOBUE UHUUOEHMHOCMU
mouku uw kpyea. [ad JBYyX Touek X, J PAaBEHCTBO
(xy) =0 uMmeeT MeCTO, TOJbKO €CJH 3TH TOUYKH COBIA-
J1aloT.

Anajniornuno tomy, kak J = cos’ o, rie ¢ — paccros-
HHE MEXJIy TOYKAMH, SBIACTCS HHBAPHAHTOM B rnnep
Goauueckoii reomerpun P, Tak u J=cos’y, rie

¢ — yroai Mexny xpyramu B M,, sBasercs mmapuamom
B KPyroBOH reomeTpuu NaockoctH M,, T. e. npu Kpy-
208bLXx nPeobpa3osanusix Yeavk MeHcOy OKPYHCHOCMAMU
coxpaunssiomcs. Kpyeossie npeobpa3osanusi omuoCsmcs,
maxkum o0pasom, K KOHPOPMHELM npeodpa3osanusim.

2. TlokaxeMm, uTOo cmepeozpauseckas nNPoeKyus
omobOpadcaem nogepxrHocms wapa K HA Nnaockocmo
C COXpaHeHuem Yza08, T. €. YroJd MexAy IAByMsl Kpy-
raMH Ha cdepe paBeH Yray MexJay JAByMsi KpPYraMu Ha
IVIOCKOCTH, COOTBETCTBYIOUIHUMH MM B cTepeorpaduue-
CKOH MPOEeKIHH.

Bpamenuem mapa BOKpyr meHrpa (runmep6oandeckoe
JBHKEHHE) OJHY H3 TOUYeK MmepeceyeHHss KPYroB MOKHO
mepesecTd B TOYKY §. ITOMY BpallleHHIO LIdpa COOT-
BeTCTBYeT B IJOCKOCTH MEOUYCOBCKOe mpeobpa3oBaHue,
IIPH KOTOPOM YIVIbl MeXAY KpyraMu He meHswoTcd. [lo-
9TOMY JAOCTaTOYHO 1OKa3aTh COXPaHEHHE VYIJNOB INIpH
ctepeorpauueckoM MNPOEKTHPOBAHHU TOJABKO AJs Kpy-
rOB, MPOXOAAWHX yepe3 §. Takue KpyrH NpH NPOEKTH-
POBAaHHM H3 § mnepexoiAdT B INpsiMble, MNapaJjjielbHbie
KacaTeJbHbIM K KpyraMm B TOUKe S. YTro/J MEeXAy Kpyramu,
PaBHHI YLy MEXAY KacaTeJbHLIMH K HHM B TOUYKe
nepeceyeHusi, OyJaeT paBeH Yrly Mex1y COOTBETCTBYIO-
IHMU NPSIMBIMH, TaK Kak 06a yria HMEI0T Napajiesb-
Hble CTOpOHBL. Takum 06pasoM, COXpaHeHHe YIVIOB .MNpH
cTepeorpaHueckoM INPOEKTHPOBAHHH JOKa3aHO.
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3. O6pa3oM, JIBOHCTBeHHbLIM TOYKe, B runepbonanye-
CKOff TeoMeTpHH TMPOCTPAHCTBA SABJSETCH MJAOCKOCTb.
3a yron MexAy IBYMs IJIOCKOCTSAMU TPUHHMAIOT He-
€BKJAUJO0BO PACCTOsIHME HX MOJAI0COB. K3 mnpeasiayuiero
caeayeTr, 4TO €CJH IJIOCKOCTH MepecekaloT cdepy no
JBYM INlepeceKamluMcs Kpyram, TO YIVIOM MEeXAY II0C-
KOCTAMU OYJET yroJ MexAy Kpyramu.

§ 5. yuku KpyroB B KOH(OpPMHO## NIOCKOCTH

1. B npocrpanctBe aas npsamofi ©, onpeneneHHOR
TOUKAMH P M ¢ U 3aJaHHOH YypaBHEHHEM

t=ap+.3qt (5‘1)

MOXHO MNOCTPOHTH MOJSAPHO CONPKEHHYI0 eH MpaMYyIo
© — JHHHIO DepecevyeHHsl MIOCKOCTEeH, MONAPHHEIX TOUYKAM

nepBoit npsaMoit oTHocuTesbHO abconaora K. Ilpamas ©
TaKXKe OIpeleJHTCd ABYyMs CBOUMH TOYKAMH U H W H
3amyileTCs ypaBHEHHeM

u =19+ dw. (5.2)

\
Kaxnass To4yka f mpsiMOi © noJisipHO CONpPsiAKeHa Kax-

JAOH Touke u mpsamoi O, T. e. .
(tu) = 0. (5.3)

B YaCTHOCTH, HMEIOT MECTO paBeHCTBa
(p9) = (pw) = (qv) = (qW) = 0. (5.3")

[Mpamasi, He nepecekalowass a6CcoOJMIOT, HA3HIBAETCH 3J-
JUNTHYECKOH, mepecexaloiias ero— runep06onieckoi,
Kacamouwasacs K HeMy — napaboaH4eckod.

Ecan nana nmpsimas O, He mepecekarommas a6coaoT K,

~

TO,. 4TOOH MOCTpOUTHL B, Hajgo yepes NPOBECTH IVIO-
CKOCTH, KacaTesbHble k aGcouoty K. [1psimas, coexunsio-

WA TOYKM KacaHus, H Gymet mnpsaMmoi © |11, ctp. 529|.
Orcrona cpasy caenyer, uto ecau O He mepecekaer a6-

COJIIOT, TO Ipsimas © mepecekaer ero B ABYX TOUKAX r H
s. U3 (5.3) caenyer, uTto

(tr) = (ts) = 0. ~ (5.4)



Hafizem ycaoBue, 4To cpein TOYeK X 1a UpsiMod ©
ecTh TOYKH, obue co chepoit. Ecan rouka # upuHan-

JeXUT cdepe, TO COOTBETCTBYIOllee OTHOILIEHKHE é—

Hailpercd H3 ypaBHEHUs
(un) = 1’ (vv) + 278 (vw) + 8°(ww) = 0.

Y paBHelne HMeeT
a) 1Ba ACHCTBUTEJbHBIX peLIeHHs, eCJaH

(vw)® — (v0) (wWw) > 0; (5.5)
6) 11Ba KOMIJIEKCHO-CONPSKEHHbIX peLIeHHs, eCJH

(vw)’ — (v9) (ww) < O; (5.6)
B) OJHO peli€HHe, eCJH

(vw)* — (99) (ww) = 0. (5.7

Hast npsmoil ©, nepecekamouei K B AByX TOUYKAX, HMeEM
nepsbiii cayudai (5.5). Touku mepeceueHuss ¥ H § MOKHO
NpeJCTaBHTL BEeKTOpPaMH

r =[— (vw) + V(vw)’ — (v0) (ww)] v + (vv)w
s =[— (vw) — V (vw)* — (vv) (ww)] v + (99) w.

Tak xak npsmas © (5.1) me nepeceraer cdepy, To
(pq)* — (pp) (99) < 0.
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Ecan npsimas, 3an1anHas ypasueHduem (D.2), kacaetcs
abcogqiora K, M Touka ¥ ABJAfAeTCS TOUKOH KacaHud, T. €.

(vv) =0, (5.8)

10, B cHay (5.7), 6y1eT HMeTb MECTO PaBeHCTBO
(vw) = 0. (5.9)
N3 (5.8) u (5.9) cnenyert, uto B paccmaTpuBaeMoMm ciayyae
(uv) = 0, (5.10)

T. €. J00ast TOYKA KacaTe,qbHOl COompsiKeHa ToUKe Kaca-
HUS. ,

[Tpsimaa, conpsKenHas kacaTeJbHOH Kk abGCOMIOTY NpH-
MOH, TakKxke sBJIAETCSI KacaTeJbHOM.

9. B mnockocTH M, xaxnoit touke mpsmo#i P, cooT-
BeTCTBYeT Kpyr. Cosoxynnocme xpyzoe, coomeemcmsyio-
wux 8cem moskam npAMOL, HQA3BLBAEMCS NYLKOM KPY2ZOS.
Ecau npsiMas a/iHMnTHYeCKas, TO My4OK KPyroB Ha3blBa-
eTCsA FAMUNMULECKUM; €CIH FHHGpGOJIquCKaH TO 2unep-
Ooanveckum; ecau napabosauyeckas, TO W IYYOK HA3bl-
BACTCH NApabOAULecKUM.

Bce kpyru £ 3aaMnTH4eCKOro nyuka HMeioT ABe OGiHe
TOYKH F W § — BepUIMHH Mnyuka. IJTO cJejAyeT H3 pa-
BEHCTB (5.4).

Bce xpyru # runep6o/iHYecKoro nyuxka He HMetoT 0OILUX
TOueK. TOYKH # M § BXOIAT B 3TOT NMYUOK KaK KPYyTH
HYJIEBOI'O pajuyca.

[Tyuxu, COOTBETCTBYOIHE ABYyM NOASIPHO COIIpSDKQH-
HHIM NPAMBIM, TAKXKE Ha3bIBAIOTCA COMNPSKEHHBIMH. ¥ BCA-
KOro runepoo/MyecKoro mnyuka eCThb CONPSDKeHHHH eMy
3JJUNTHYECKHI, U o6paTHO. Kpyru mepsoro nyuka opro-
rOHAABHbBl ‘KpyramM BTOPOToO.

Bce kxpyru # nmapabGoauuyeckoro nyuka, B cuay (5.10),
UMEIOT OfHY OO6LUYIO - TOYKY, B KOTOPO#l KacawTcs APYT
Apyra. ¥ BCSIKOrO napa6o/HuecKoro Hy4ka ecTb COmpsi-
XEHHHI eMy, Toxe napabonnueckuil, Ny4Yok, Kpyrd KOTO-
poro OPTOTOHAJbHLI KpPyram ImepBOro MyukKa.

Jaa nydka, 3alaHHOTO ypaBHeHHeM (9.2), rie ¥, W—
NPOU3BOJIbHHE KPYTH MyuKa, aHATHTHUECKHE MPH3HAKH
NAUNTHYHOCTH, THNEP6OJHUYHOCTH, NapaboOJHYHOCTH Xa-
pakTepusyioTcs HepaBedcTBaMH (5.5), (5.6) uau pasen-
CTBOM (5.7) COOTBETCTBEHHO,
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§ 6. UHBepcus

1. Paccmorpum npumep runep6oaHUECKOTO ABHIKEHHS
npocTpancTBa Pj, Tak HA3LIBAEMYIO NOASAPHYIO 20MOA0ZUIO.

VHBONMIOIIMOHHOK TOMOJIOTHE!l HA3BIBACTCHd TAKOE€ OTO-
Opa)keHue TOUYEK IMPOEKTHBHOI'O NPOCTPAHCTBA Ha ceos,
KOTOpQe 331aH0, €CAH 3a1aHa HeKOTopast TOYka Y—IUEHTP
TOMOJIOTHH H IIOCKOCTb ¢ — IJOCKOCTb rOMOJOruu. Besi-
Kasi mapa COOTBETCTBYIOIIHX TOUYeK X, X" JIeKHT Ha Ips-
MOH, NpoxoAafiled yepe3 MeHTP rOMOJIOTHH, U YAOBJETBO-
psieT YCJAOBHIO:

D(y, n, x, x¥)=—1, (6.1)

rje n — TOYKa nepecevyeHus npsiMoi {X, ¥} H IOCKOCTH ¢.

omoJsiorus Has3elBaeTcsi MOJISIPHON, €CJH ¢ NpeiacTas-
JAf€T IJIOCKOCTb, MOJSAPHYIO TOYKE Y OTHOCHTEJIBHO HEeKO-
TOPOH MOBEPXHOCTH 2-r0 MOps,IKA.

N3 ycaoBusi (6.1) ciexyer, 4To TOUKaM HOBEPXHOCTH
K cOOTBeTCTBYIOT TOYKM 3TOf ke moBepxHoctH. OTcrona
clAeayeT, 4TO MOJsipHAs I'OMOJIOTHSI MpPEACTaBASeT THIep-
O0osmueckoe aBHxenne B P, ¢ aGcoawrom K.

IMonyunm aHaauTHYeCKOe BLIPaXKeHHe npeo6pa30BaHHUs
NOJIAPHOH TOMOJIOTHH.

[Tycte x — mpousBosnsHasi Touka BHe aGcoiiora K.
Omna  nexut Ha npsaModt {y, n}, raie n — Touka Ha MJIOC-
KOCTH q. [IpsamMas Fy, n}3ajpaercs ypaBHeHueM f =ay + 3n.
Ecau Touke X cOOTBeTCTBY!OT napaMeTps @, 3;, TO TOUKY
X¥, TAPMOHHYECKH CONPSIKEHHYI e, MOXKHO 3alaTh ma-

pamerpamu —a;, 3; (cM. (1.5), rne s = —1):
X=ay+3n
x¥=—a,y 4 3n. (6.17)
M3 BTOporo ypaBHeHus, B cuay ycaoBus (yn) =0, umeem,
ato @, = — & Yekmouas us apHeHuit (6.1°) 3, u
. 1 (yy) ¢ yp ¢ l‘l
NOACTAaBJAsL 3HAYEHHE 2;, MOJyuaeMm:
S (x*y) -
X=x"—2- , 6.2
(3w 7 (6.2
x=(yy)x*—2(x*y)y, (6.3)

TaK KaK @, U 3; ONPENeAsioTCsl ¢ TOYHOCTBIO A0 0611ero
MHOXHTEJIA.

.
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ITpn ¢ukcHpoBaHHOM Y MNoJayuyeHHOE npeo6pasoBanHe
JAUHEAHO OTHOCHTeabHO X*. OHO Tak0BO, uTO M3 (xx = (
caenyetr, uro (x*x*) =0, u nostoMmy cdepy nepeBOAUT
B Ccdepy.

Bcakoe runep6osnyeckoe ABUXKEHHE COCTOMT H3 KO-
HEYHOTO uHcCJa romoJjoruit |2, crp. 170).

2. Tlokaxem, 4YTO 8 KOHPOP MHOIL NAOCKOCMIL KAHCIOMY
npeobpasosanur suda (6.2) coomsemcmsyem uHgepcus
OMHOCUME.T6HO Kpyea Yy, KOmMopsli ciumaemcst OCHO8-
HOLM.

[lycTs x — Touka Ha cepe. B naockocT el Takxke
COOTBETCTBYET TOuka. |l1pAMO# mpocTpaHCcTBa, NpPOXOoId-
mieil yuepe3 TOYKU Y, X, X*, COOTBETCTBYET HA NMJOCKOCTH
Iy4OK KPyroB, B KOTOPBI TOYKH X U X* BXOAAT Kak
Kpyru HyJeBoro paauyca. [1yuyok, conpsiKeHHBI 3TOMY
Ny4KY, COCTOMUT M3 KPyroOB, NPOXOASLIUX 4Y€pe3 TOYKH X
U x*. OTH KPyrd OpPTOTOHAaJbHBI KpPyraM NepBOro myuka,
B TOM uucJjJe u kpyry y. I[lostomy, utOoOBl HaWTH TOUKY
x*, 3Has X M Yy, HAJ0 MNpPOBECTH yepe3 X JBa Kpyra,
OPTOrOHaJMbHO mepecekalolue Kpyr y. Bropas Touxa
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nepeced4eHus 3THX KpPyroB u OyjaeT Touka x*, Ilpu takom
NOCTPOEHUH

Ox-Ox* — R, (6.4)

rae R = 0A — paguyc xpyra y, a O — nentp kpyra, T. e.
TOYKa X% IOJyyaeTcsi H3 TOUYKH X mnpeoOpa3oBaHHeM
oGpaTHHX PaauycoB, WM uHBepcuu [3, cTp. 200]. Hoka-
3aTeabCTBO (Qopmyan (6.4) ciaeayeT M3 TOro, 4To NO OT-
HOWIEHHUI0 K KPYIy, NpOXOAfAIlEMYy 4Yepe3d TOYkH X, X*
OPTOFOHANBHO K Kpyry y, orpesku Ox n Ox* mpencras-
JSI0T OTPESKH Cekylleii U ee BHeuwHe#d yactH, a OA=R
ABJIAETCS KacaTeJbHOH. .

Ecan OCHOBHOI KDPyr y uMeeT B HEOAHOPOLHBIX KOOP-

AuHATaX ypaBHeHHe X’ + y'—r’=0, a KOOpAMHATH X
u x¥ oyayt & m H %, 7, TO

I

2 S 2 .M
) 2 b ',]I = r sy 2 .
S SEE

Ecan kpyr HHBEpPCHH BBIPOXKJAETCHA B MNPIMYIO, TO
TOYKH X H X* CTAaHOBSITCS TOYKAMH, CHMMETPHUYHBIMH
OTHOCHTEJABHO 3TOH npsimoil. [Ipeobpasosanue unsepcuu
HO3IMOMY MOINHCHO HA38amb NPeoOpa308anuesm cummempull
OMHOCUMENbHO KDY2QA.

Tak xe, Kak Trpynmy ruHnep60JUYeCKHX JABUXKEHHH
MOXHO TOJIYYHTH C NOMOLbIO KOHEYHOTO YHCJA NOJSPHHEX
romoJsiora# (6.2), Tak u epynny kpy2086.X npeobpas3osanuil
MONCHO NOAYHUMb C HOMOULLIO KOHEYHOZ0 4UCAQ npeoodpa-
308aHuil uHeepcun, WAL CUMMEMPUW OMHOCUMELLHO
Kpyea.

Ecnn B dopmyne (6.2) x — touka BHe cdepnl K, TO
€OOTBETCTBYIOlIEee npeoOpa3oBaHHEe B MJIOCKOCTH 6GyjneT
npeo0pa3oBaHHeM HHBEPCHH KPyra X OTHOCHTE/NIbHO Kpy-
ra y. *

[Tpeo6pasoBaHuem HHBepCHH C (yy) #+ 0 MOXHO mepe-
BeCTH JI06yl0 TOYKYy X IJIOCKOCTH B HECOOCTBEHHYIO.
Il 3TOro B KAa4eCTBE Y HAAO B3ATb KPYyr C IEHTPOM
B Touke x. OTClofa cienyet, 4TO M 000U KPYr X MOXKHO
npeo6pa3soBaHUEM HHBEPCHM nepeBeCTH B npamylo. [Lix
3TOrO HajZ0 B KaueCTBe Y B3SITh KPYI C IEHTPOM B 11060
TOYKE [JAaHHOTO Kpyra .x.

Ecan nanbl nBa COmpsiKEHHBIX My4Ka KPYroB: aJJIHNTH-
qeCKHH U runepOOJHUECKHH, TO, TOMECTHB LEHTP HHBEp-
CHH B OJHY H3 OCHOBHBIX TOY€K NyuKa, lepeBeaeM C 1O-
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MOIIbI0 HHBEPCHH IAMHUNTHUECKHH MyYOK B NYUOK NPIMBIX.
[unep6oanueckUii nyuoKk INepefiaeT NPd STOM B NMYUYOK
KOHUEHTPHUYECKUX KPYTrOB, OPTOTOHAJNbHBIX 3THM IPIMBIM.

Ecau aaHpl ABa coONpsiKeHHBIX NapaboJHYECKHX NyuKa
KPYroB, TO, IIOMECTHB IEHTP HHBEPCHH B OOILYIO TOUKY
BCeX KpyroB 000HX NMYYKOB, NepeBeAeM C NOMOIUIBIO Ipe-
00pa30BaHUsl MHBEPCHH MNEPBHH NYYOK KPYroB B NY4OK
nmapaj/ieqbHbIX MPSAMHEX, @ BTOPOH — B My4YOK NPAMBHIX,
OPTOTOHAJbHHX NPAMBIM NEPBOro IMyukKa.

3. ®opmyna (6.2) He TepsaeT CMHICJAA W B TOM CJayuyae,
KOTZla y — BHYTpeHHAss TOuka oTHocuTeabHo K. IlpaBna,
B 3TOM CJy4ae TOUYKEe 3y HE COOTBETCTBYET HHUKAKOTO
TeHCTBUTEALHOr0 Kpyra B naockoctu M,. [1peo6pasoBaHue
NPHHATO HA3BIBATbL B 3TOM CJay4ae HHBepCHeil OTHOCH-
TEeJbHO MHHUMOTO Kpyra, WU S/AJHNTHYECKOH WHBEpCHel,
B OTJHYHE OT runepb60JHUYeCKON HHBEPCHH, PACCMOTPEH-
Ho#t Buiwe. Ecam y — touka cpepn K, TO, MOCKOABKY
(yy) =0, dopmyaa (6.3) npuHHMaeT BUJ

x=—2(x*y)y,

T. €. paccMaTpHBaeMoe npeobpa3oBaHHe OTHOCHT BCAKOM
TOUKE HJH KPyry X OAHYy M Ty X€ TOuky y. 1O mnapa-
60JHueCKass HHBEPCUS.

§ 7. TunepOoanyeckas, 3JJIHITHYECKAsS H €BKJIHAOBA
reOMeTpUH KaK FeOMEeTpHH NOArpynn Kpyrosbix
npeo0pa3oBanuit

1. B § 2 6010 moka3aHo, Kak, BuAeas1 B IJOCKOCTH
HeKOTopsie 00pa3nl B kKauecTBe a0COJIOTHLIX, MOXHO pac-
CMOTPeTh HEEBKJAHAOBH (rUnepOoHUECKYI0 H 3JJIHITH-
YeCKYyI0) M eBKJIUAOBY M€OMETPHH KaK reoMeTPuH, COOT-
BETCTBYIOIHE MOATPYNNAM MPOCKTHBHBLIX Npe0o0pa3oBaHHUil
mwiockocTu. Caenys [lyankape, ux MOXHO pPacCMaTPHUBATH
4 KaK TFeOMEeTpUH, COOTBETCTBYIOIHE NOArPYNNaM Kpyro-
BHX npeo6pasoBannit B M,, ecau BbIeJUTh HEKOTOPHIE
o0pa3sl B KauyeCTBe a0COJIOTHHX.

PaccMoTpum monrpynny KpPyroBhlX npeo0pa3oBaHHi,
nepeBOASAIINX B ce06a HeKOTOpPHIH Kpyr k. B npocTpanctae
P, kpyry B cOOTBeTCTBYyeT HEKOTOpasi TOuka R, KOTOpas
JE@XUT BHE a0CO0JI0Ta, eCJu KPyr R feldCTBUTENbHBHIH, WK
BHYTPU HEro, ecjau Kpyr MHuMmii. [loatomy paccmarpu-
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BdeMas MOATpynna uaomopdHa Takoit moArpymnmne HeeBKJIH-
LOBHX ABHXEHHUit P, KOTOpas COXPaHET HEKOTOPYIO
TOUKYy 3TOro mpocrtpaunctea. Ho ecau ata ToOuka coxpa-
HAETCs, TO COXPaHAeTCTd H ee MOJsipHas IVIOCKOCTh, a Ta
kpwBas Q, Mo KOTOpO# OHa mepecekaeT aGcoawT K, me-
pexomut B cebs. OTclopa caexyer, 4TO mOATPymIa Kpy-
roBuIX npeobpa3oBaHuil, nepeBOAAIINX B Ce0s1 HEKOTOPLIH
kpyr Kk, H3omopdHa rpynme HEEeBKAHAOBHIX JABHKEHHII
AByMepHOro mpocTtpancTa KieiiHa ¢ abcomorom Q.

[lycts xpyr & peiictButeabHuii. Torna u kpuBas Q
BEefCTBRHTENBHAS, a4 2pynna Kpy:o08elx npeoOpa308arHuil,
nepesoedstyux 8 ceOsL OelicmsumenbHulll Kpyz, U30MOPPHA
pynne 2unepboarudeckux 08UINCEHUIL NAOCKOCMU.

Pac¢gMmoTpuMm, kakumu obpasamu miockocta M, u3o-
0 paxkaloTCs TOUKU U IIpsiMble THNEPOOJUUECKOR MIOCKOCTH
¢ a6conwrTom Q. '

Touka runep60J/inueckoll MJIOCKOCTH M, T. €. BHYTPEH-
HAST TOYKa abcouioTa (), HMEeT Noasipy — MPAMYIO %, KO-
TOpasi He mepecekaer a6couioT Q. DToi MPAMOH COOTBET-
CTBYeT B IJIOCKOCTH M, 3/JJAH0THYECKUH NMYy4YOK KPYros,
KOTODHH ompeneasieTcs 3aJaHueM ABYX OOIIUX TOYEK M,
H m, BCex CBOUX KpyroB. Kaxnas Touka 2 npsaMo#
JEeKUT B ILIOCKOCTH, NOJAPHOH Touke R, U TO3TOMY
yAOBJAeTBOpPaAeT ycCJoBuio (B2)=0, a 3TO 3HAYHUT, 4TO
BCAKHA KPyr paccMaTpuBaeMOro HaMu Iydyka B IVIOCKOCTH
M, oproronanen xpyry k. OTcioona ciaeayer, 4TO TOUYKH
m; U M, HaX0JsITCA B MHBEPCHU OTHOCHUTEJbHO Rpyra K.

Takum 06pa3oMm, HMeeM: MO1KQ 2unepboAL4eCKOL nAOC-
Kocmu u3obpaxcaemcst napoii mouex KOHPOPMHOIL nAoC-
KoCmu, Haxo0suWiXcs 8 uH8epculy omrocumersro Kpya k.

[Ipamast v runep60JuueCKOi NMJIOCKOCTH, T. €. NpsaMas,
nepecexamomasi abcoaor , UMEET CBOMM IIOJIOCOM He-
KOTODYIO TOUYKY 72, PACIOJIOXKEHHYIO BHE a6COJI0Ta, IpHYEM
(kn) = 0. Touke n cootBeTcTByeT B M, KPYT 12, KOTOPHIi,
B CHay ycnous (kr) =0, oproroHasnes kpyry R.

CienoBaTeNbHO, npamas eunepboau4ecKoi nA0CKOCmL
usobpaxcaemcss 6 M, Kpyzom, OpMOZOHAAbHBLM UHEA-
DUGHMHOMY Kpy2y K.

AHaJOrH4YHO paccyxkjasi, mojayuaeM, UTO Kpye 2unep-
boaureckoir naockocmu uzobpaxcaemcs 8 M, napoit kpy-
208, HAX00AWUXCS 8 UHBEPCUL OMHOCUMEALHO Kpya R.

[lpn noxxoamsimieM BHOOPE (PHKCHPOBAHHOH TOUYKH &
H NOAXOASIIEM HOPMHPOBAHHU KOODPAMHAT TOUYKHU THIEp-
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GOMMUCCKOH NNIOCKOCTH KOOPAHHATHL X, Xy, X3 3TOH TOUKH
npeBpalialoTCa B OOBIYHBIE OJHOPOLHBIE KOOPIAHHATH.
JleACTBUTENBHO: NMYCTh TOYKa K HMEeT KOOPJAHHATHI
k(0,1,0,0),a m(x, x,, Xy, X3) — NIPOH3BOJNbHASA TOUKA BHY-
Tpu a0COJI0Ta B IIOCKOCTH, NOJsIPHON R. B cuay ycaoBus
MOJIAPHOH CONPSIAKEHHOCTH TOYKM R H MIIOCKOCTH, B KOTO-
poit JeXHUT TOuKa m,
(mk) = x, =0. (7.1)
CJaepoBaTenbHO, IVIOCKOCTb, MOJsipHas £k, CoOBmajaeT
C MJOCKOCTbIO, HA KOTOPYIO NMPOU3BOJIHUTCA CTepeorpadu-
yeckoe NpoeKkTHpoBaHue. B 3TOH nA0CKOCTH BBELEHH
JIeKapTOBBl KOOPAUHATH &, % TOoukd. Popmyan (3.15)
CBSI3BIBAIOT 3TH KOOPAHMHATH C OJAHODPOTHBIMM KOOpAHWHA-
TaMH TOYKH m kak Touku P,. M3 3tux dopmyn u ycao-

Busi (7.1) caenyert, uto 5 4 7" =1, x, =10, X, = p%, X3 = p7,

- Xq X3
T. e. £= -7 | %= WIH, UTO X, Xy X3 — OOBIYHBIE
Xy Xo
OJHOPOJHBIE KOOPAMHATH TOYKH B IIOCKOCTH.
Kpyr £ + 4’ =1 apasercs 06pa3oM TOYKH £ B IIIOC-
koctd M,.
Touke m COOTBETCTBYIOT B INOCKOCTH M, ABE TOUKH—
m, U My, HAXOASIIMeCs B HHBEPCHU OTHOCHTE/AbHO Kpyra £.
OHu ABAAIOTCH cTepeorpacduueckoil npoekuueir Toyek
nepeceueHuss MNpsaMO# ¢ -=am + 3k ¢ abcoaoToM. ITH

TOUKH ONPEeAeJsIoTCHd M3 yCJIOBHA:
(am + 3k)° = o’ (mm) + 3 (kk) = 0.
a 1
Tak kax (kk) =1, (mm) <0, to 7= + i
3HauuT, *
m,=m+V — (mm)k (7.2)
m,=m —v — (mm) k.
OTcioma BUAHO, UTO NPHU ONPENETCHHO BEIOPAHHOH TOuKe

k TeTpauuKJUYeCKHe KOOPAMHATHL X, X, X; TOYEK M, U
m, pPaBHbBL COOTBETCTBYIOIUWM KOOPAMHATaM TOYKH M, a
KOOpAMHATA X, paBHa -+ V — (mm). .

2. PaccmoTpuM Temepr TOT Cayuait, KOraa kpyr &
MHuMbIfi. B 3TOM cayuae Touka 2 npoctpaHcTBa P; Haxo-
AuTcs BHYTpHU aGcosiota K W kpuBas Q MHUMAsi, a egpyn-
na Kpyz086.x npeoOpa308aHiLit, nepesodsuux 8 cedst MHi-
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MUl Rpy2, U30MOPPHA 2pynne 3AAUNMULECKUX O8UNCE-
Hu.

Bce paccyx 1eHusI, OTHOCSIIHECS K KOHDOPMHOM HHTEP-
nperanuu runep00IHYECKOl T€OMETPHM, MEPEHOCATCA Ha
JLIMNITHUYECKUI Cayuai.

Towka m saarunmuueckoi naockocmu u3odpaxcaemcs
8 M, napoit mowex m, u m,, HAX00AUWUXCS 8 UH8EPCULL
OMROCUMENbHO MHUMOZ0 Kpyea K.

[Tpamasn v saaunmuueckoit naockocmu u300paxrcaemes
KpY20oM I, ODMOZOHQANBHOLM MHUMOMY KPY2Y R, m. e. ma-
Kum, 0458 Komopozo yoosaemsopsiemcs ycaosue (nk) = 0.

Bce kpyru 7 na0CKOCTH, y10BJETBOPAIONIHE YCIOBUIO
(nk) =0, 06pa3yiOT TaKk HA3HBAEMYI0 HYJb-CHCTEMY KpYy-
roB. Ee MOXHO 0XapaxTepu3oBaTh CJAEAYIOIHM 00pPa3oM.

C nomouibio runep6osUYECKOro ABHKEHHA FP; BHYT-
peHHKI0 TOUKy k£ abcoaiota K BCerjga MOXKHO MepeBeCTH
B neHtp chepu. [loasipHas eit maockocTs OyaeT B 3TOM
cilyyae HeCOOCTBEHHOH maoCkocThio. [IpaMeiM B 3TOM
HeCOO6CTBEHHOH IJIOCKOCTH COOTBETCTBYIOT OOMbLIHE KPY-
r4 HA a6CoJI0THOH chepe K (xkpyru mnepecedyeHus mnJaoC-
KOCTeH, MOJASAPHBIX TOYKAM HeCOOCTBEHHOH IJIOCKOCTH CO
cepoit K). Takum o6pasom, Hysb-cucmema Kpyzo8 npeo-
cmagasgem COB0KYNHOCMb KpPY208, KOMOPAS HEKOMOpbM
Kpyz2o8oem npeobpasosanuesm modxcem Oblmb nepesedera
8 COBOKYNHOCMSb KPY208, COOMBEMCMEYIOUUX O0RbULUM
Kpyeam cgepor K npu cmepeozpaguuecKom omodpaicenii
ceps. Ha nAOCKOCMS.

Cama noarpynna sJJunTHYECKHX NBUXKEHHH B IJIOCKO-
CTH, MOJAPHON TOouke R, u3oMopdHa Tpylme BpauleHUH
cpepsl BOKPYT LEHTpA.

[lycth TOuka 2 nmpocTpaHcTBa P; uMeeT KOOPAHHATHL
k(1, 0, 0, 0), a Touka m (x,, X, Xy, X3) — NPOU3BOJIbHAA
TOYKa B NOJAPHOH INIOCKOCTH TOYKH k. B cuny ycaoBus
NOJIAPHON COIPANKEHHOCTH,

(fkm) = x, = 0. (7.3)

BBenem B miockocTH x, =0 J1eKapTOBbB KOOPAMHATH &, 7,
opu4YeM NyCTb OCH KOOPIMHAT CTepeorpapuuyeckH COOT-
BETCTBYIOT OCAM KOOPAHMHAT B IJOCKOCTH, Ha KOTOPYIO
IPOH3BOAMTCS CTepeorpacuueckoe mnpoexTupoBanve. M3
dopmya (3.15) u (7.3) umeeMm: x;=p, X,=0pk X;=07,
T. €. X;, X9, X3 — OJAHOPOAHbBIE KOOPAHUHATH TOYKH M
B HeCOOCTBEHHON MI0CKOCTU. M3 atnx ke ¢opmya cie-
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ayetr, 4To Kpyr 3° 4 4° = — | aBasercs o6pa3oM TouKH &
B M,. Ilapa Touex B naockoctd M, - 00pa3 TOuUKH m
3JJIMITHYECKOR TJIOCKOCTH Omnpeaensiercss paBeHCTBaMH

m,=m +V(mm)k
m,=m —V (mm) k. (7.4)

Koopuaunate x,;, Xy, X3 3THX TOUYE€K PaBHBl COOTBET-

CTBYIOIIUM KOOpAMHATAM TOUYKH M, a X,= I V (mm.

3. PaccMmorpuM Temepb noarpynmny KpyroBux npeobpa-
3oBaHuil M,, mepeBOAAIHX B CeOsl BHIPOXK ICHHBIA KPyT R,
T. €. Touky. B npocrtpanctBe P; 3ToMy KpYyry R CcooT-
BeTCTByeT Touka k Ha abcoawTe. C MOMOLBIO HEKOTO-
poro kpyrosoro mnpeo6pa3oBaHusi Touka kB B M, moxer
ObITh TepeBeleHa B 11eCOOCTBEeHHYIO TOukKy. Panee, B § 3,
OBLIO MOKA3aHO, YTO MOATPYINA KPYTroBHX HpeoOpas3oBa-
HUf, OCTaBJSIOMIUX MHBAPUAHTHONH HECOOCTBEHHOCTBHIO
TOYKY IJIOCKOCTH, fIBJAsfeTCs Tpynnod mnpeo6pasoBaHui
nono6us. Iloatomy u B obOlieM caydae NOATpyINa Kpy-
208bLx  npeobpasosanuil, nepesodsuux 8 cebs Purcupo-
BAHHYIO MOY4KY, 1L30MOPPHA 2pynne nodobrbLx npeobpa-
308QHUIll, M. €. OCHOBHOIL 2pynne esxkAudosoil zeomempun.

Toura esraudosoii naocrkocmu usobpascaemcs 8 M,
MO4KOlL.

[Ipsinas esr.audosoi naocxocmu uzobpaxaemcs § M,
KpY20M, RPOXOOSULUM 4epe3 PUKCUPOBAHHYID MOUKY R
naockocmu.

[Tpy nomowu Bei6Opa (PUKCUPOBAHHOH TOYKH K H
HOPMHPOBaHUsi TETPALMKJINUYECKHUX KOOPAUHAT TOYEK /rr
nn1ockocTd M, nerko npu#iTH K OOBIYHBIM JAEKAPTOBHIM
KOOPAHHATAM, PAaCCMATPHBACMBIM B €BKJAHMAOBOH TeoMme-
T DUH.

[lyctb Touka kK umeer xoopauuatel B (—1, 1, 0, 0),
a m (x, X;, Xy, X3)— NPOU3BOJIbHAA TOUKA MMOCKOCTH M,.
Tak kak ToukaMm m v R NJOCKOCTH COOTBETCTBYIOT TOUKHU
Ha a06CoJI0Te, & OHH He MOTYyT OBITb NOJSIPHO COIPSKENDI
ApYr apyry, to (mR)=x, + x, # 0.

O6o3nHaunm X, + x, uepe3 p. B § 3 610 mokasawuo,
4yTO p == const. . :

[Tonoxum

._xg, :E ﬁ‘}- ] ’/‘. (7.5)

46



Toraa u3 dopmya X, + Xy ==p 1 — X+ x§ + xJ + x7 =0
caenyer:
14+ (8 +9)
2
1 — (& «9?) (7.6)
2

KXo =P

X} =P

®opmyast (7.5) n (7.6) coBnanalor ¢ Qopmynamu (3.195),
QTKyJAa cJaeayeT, 4TO § W 7 SBJIAIOTCA J€KapPTOBLIMH
KOOpAMHAaTAMU TOYKH m. ECau npOHOPMHPOBATH KOOPHH-
HaTH TOYKH m TakK, uToOm (mk) =1, To Ttorma wu3 (7.5)
NOJMYYHTCS, YUTO

x2=5s x3=74‘,

T. €. TeTPAlUKJHYECKHE KOOPAMHATBHL X, H X3 OKAa3blBa-
I0TCAA OOBIUHBIMH JEeKapTOBbIMH KOOPAHMHATAMH TOUYKH.

§ 8. Komnaexcubie xoopauHarnl aycca.
Kondopmubie npeoOpa3oBaHus B NMJIAOCKOCTH

KoudopmHyio reomeTpuio Ha MJIOCKOCTH MOXHO M3Ja-
raTh He TOJbKO C MOMOLLBI AeHCTBHTEJbHBIX TeTPALUK-
JHYECKHX KOOPAHHAT, HO H B KOMILIEKCHBIX KOOpaHHATAX,
KOTOpHEe ObliM BBeJeHbl ['ayccowm.

BmecTo npaMOyrosbHbIX AeKapTOBHIX KOOPAMHAT & M 7
TOYKH Ha NMJIOCKOCTH PACCMOTPUM KOMIIEKCHO CONpPsikKeH-

HbBle KOOPJAMHATHL Z U 2, CBA3aHHHE C & U 7 dopMmyaaMu
z=Et+ iy, z=Ft—Iin. (8.1)

. JIuHeHAHBI 3/€MEHT MJIOCKOCTH
ds® = dt* + dr’

k]

NpUHUMAEeT B KOOPAHHATAX Z, Z BHJ
as’ = dzd z.

KoopanHaTe, B KOTOpPHX MeTpHUeckas ¢opMma HMeeT
T4KOM BHJ, HA3LIBAIOTCHA M3OTPONMHBIMH. Bydem nosmomy
HQ3bL8ams Koopouname. z, z U30MPORHBLMUE KOOPOUHA-
manu laycca. (MOxXHO CyHTaThb, YTO TOYKA Ha IJIOC-
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KOCTH 3ajJaeTcsi He JIBYMSA KOODAMHATAMH Z H Z, a OLHOH

Z, TaK KakK, eCJM 3aJaHO 2, TO 2z Takxe ONpeAe/asiercs).

CBsikeM H30TpPOMHBIE KOOpaMHaTH ["aycca ¢ TeTpamuk-
JUYECKMMH KoopjaunaTamu. B copmyas (3.19) noacTaBum
£ u v, Haiinenunle u3 ¢opmyasl (8.1). Iloayunm

x0=—§—(1+z2)

I R
f=y t=2) (8.2)

Xy = —-f-;- (z+ 2)

MoOxHO H 06paTHO — BBIPA3HTb 2 H 2z Uepe3 X, X,
Xgy Xyt

_ﬁ2 . ix3 g: Xy — ix:} (8 3)

2= ,
Xo -+ X1 Xo + X1

JlAs 0AHO3HAYHOCTH COOTBETCTBMSl 2, 2 M TeTPALMKIH-
YeCKHX KOOPAMHAT HECOGCTBEHHON Touke, AAf KOTOPOH

Xo+ Xy =0, cTaBuM B COOTBETCTBHE z==2=o00. Torza
KaXJoH TOYKe KOHMOPMHOH IJIOCKOCTH COOTBETCTBYIOT

onpejeJeHHEle KOOPAHHATH Z U Z.
Kak nssectno u3 (3.16), kpyr B maockocTH M, 3armu-
CHIBA€TCS YypaBHEHHEM

(YX) = — YoX, + Y1%; + YXy + Y303 = 0.

[ToxcraBasia BeipaxeHus JJas x; no dopmyaam (8.2),
noJlyyaem:

— (Yot y)zz+ (¥ —iv)z+ (¥, +iv)z+y,—y,=0.
[Toaoxum:

— (Yo +y1) =4
Vo — iy, =B (8.4)
Y, +iy;=B
3 --yozD’
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Hin

' yo=“—'”(A+D)
1
=3 (D — A)
. 1 (8.47)
J’2=’5' (B + B)
)’3”——“;2“‘ (B_B)-

Toraa ypaswenue Kpyza 8 U30OMPONHHX KOOPOUHAMAX
laycca 6yoem

Azz+ Bz +Bz+ D =0, (8.5)

rae A u D — neiicTeuTeaphbe, a B u B — koMILIeKCHO
conpskenHnie Kos(ppunuents . Kpyr 6yaeT aeficTBuTe.1b-
HHM, KOTZa TO4YKka ¥ B NMPOCTPAHCTBE, KOTOpas e€ro ompe-
JejasieT, HaXOAUTCSI BHE OCHOBHOH Cdepsl, T. €. KoOria

(¥9) = —yi+ 2+ 334+ yi=—AD+BB>0. (8.6)

2. Buipa3dum B KoopauHatax [laycca npeoGpa3oBaHue
"HHBEPCHH, KOTopoe, cornacHo (6.2), samaetcsi opmyJoi

2 (x*y)
X=x%— "=y
T o Y
HwMmeem:
',, 2 (x*y) 2(x%y)
z=x2+ix3 2 (yy) St ( (yy) 3>
Xo + X1 * ____(x “y) * 2 (xfy )
0T ey TR Ty
IMoacrasasiem w3 (8.3) x)+ ixj=0pz* u Xj+ x] = p, U3
(84)y,+iy;=B u y,+y,= — A, a rakke u3 (8.6) u

(8.5) (¥3) = BB —AD u (x*y) = — Az*z* +Bz* + Bz*+D
H NIOAYYAEeM 1IOCJE€ HECJOXHBIX rpynnupoBOK: )

(B z*+ D) (B + Az*)
(Az* + B) (B + Az¥)

z=—

‘ A B
! Marpnua ) K03 PHIHEeHTOB ypaBHEHHMS Kpyra seiasercs
IpMUTOBOH MaTpuueh [5, crTp. 28).
K-85.— 4 : 19



OGuuil Muoxurear B + Az* MOXHO COKPATHTDL, TaK Kak
ecan B+ Az¥ =0, to U4 A2*+B=0 n z=

00,  4TO
HMeeT MeCTO U U3 (pOPMYJbl
2 = — B—Z"‘-{-D . (87)
Az*+ B

Ima Popuysa u onpedessiem wHBEPCUIO, UAU CUM-
MEMPUIO OMHOCUMEABHO Kpyea Y [6 ctp. 101]. Ee moxno
npeo6pa3oBaTb K BHLY

Z-— 2y = ——, (8.8)

BB— AD
rne o= —3) - = B _,A — KBajpaT paguyca Kpyra
(Vo + 1) A* '
HHBEPCHH, a 2, — IEHTP HHBEPCHH. Y paBHEHHE Kpyra
HHBEPCHHU :

|z — 2,)* =a®.

ITomecTuM MJIsi MPOCTOTHI HEHTP HHBEPCHM B HAYAJO
koopauHat (2, =0). Torpa npeo6Gpa3oBaHHe HHBEPCHH
sanduiercss 6ogee npocTtoit dopmyaon

a?
z= - (8.9)

z¥

M3 3atoit popmyasl cpa3y BHAHO, uTO TOUkH M u N,
COOTBETCTBYIIOIUE [IPU UHBEPCHH, JIeKAT HA OAHOH IPAMOH,
UcXonsAuieil U3 HeHTPa UHBEPCHH, MPHUEM eCaH OAHA U3
HHX JE€XHUT BHYTPH, TO JApyras — BHe Kpyra HHBEPCHH,
a MX PACCTOSIHHS OT HEHTPAa CBA3aHH Tak, uT0o OM- ON=a?

LieHTp HHBepCHH npH npeoOPa3oBaHUU HHBEPCHUH NEpe-
XOAUT B OGCKOHEYHO yJaJIeHHYIO TOUYKY NMAOCKOCTH. ¥ pas-

Hende kpyra (8.5) mocae mnpeo6GpaszoBauns (89) npunu-
MaeT BUA

Aa' + Ba’z* + Ba’z* + Dz* z* =0,

T. €. IPU HHBEPCHHM KPYr npeoGpasyercss B KPVYr, eCai
OH He NPOXOAMT uepe3 mneHTp uuBepcHu (D #0), u
B NPAMYIO, €CJH OH NPOXOAUT yepe3 LEHTP; NPsMas Ke

npeoGpasyercsas B KpPYr, NPOXOASINMHA uepe3 LEHTP HH-
BepCHH.
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Bce atu cBoiicTBA HMHBEpPCHU OTMEUAJHCH U paliblue
(§ 6), HO MBI HX TMOBTOPHJAH CHOBA, TaK KAK B rayCCOBBLIX
KOOPJAHHATAX OHH- AOKA3BIBAIOTCS OCOOEHHO MpPOCTO.

IIpousBenenue yeTHOro uyuc/ja UHBepPCHH, wiau OTobOpa-
XEeHHH, CHMMETPUUHBIX OTHOCHTEAbHO Kpyra, AaeT mpe-
oOpa3oBaHHe, KOTOpOe 3anuiieTcs (GpopmyJoi

z:.ﬁ:':_a_ ’ (8.10)
12/ + 4

rae a, 8, 7, 8 — NpOU3BOJIbHbIE KOMIIEKCHBIE KO3(Ddu-
IHEeHTHI.

U3 Tteopun ¢yHkmMit KOMINJAEKCHOTO mepPeMeHHOro
H3BeCTHO, 4TO npeo6pasoBanus (8.10) aBasiloTCA KPYyro-
BHIMH npeobpasoBaHusimu. lmeer mecto u obpaTHOe
npeAJoxeHHe: BCikoe mnpeoOpa3oBanue Buaa (8.10) sksu-
BaJ€HTHO YE€THOMY 4YHCJAY CUMMETPHUUHBIX OTOOpaKeHHH
OTHOCHUTEJBbHO NPAMBIX U Kpyros |6, cTp. 108].

Taxkum oO6pa3oM, scaKoe Kpyzosoe npeobpa3osarnue
3adaemcst OpOOHO-AUHENHOR (DYHKIUC KOMNACKCHOZO
nepeMennozo 1 npedcmasgasem npoissederue omoopasice-
HUR, CUMMEMPULHOLX OMHOCUMENbHO NPAMBLX U KPY208.

3. B cuny ¢. (8.10) MoxHO CkasaTh, 4TO TpyImIa
KOHQPOPMHBIX NPe0o6pa3oBaHUil HA MJIOCKOCTH H30MOPQHA
rpynmne npOeKTHBHBEIX NpeoOpasoBAHUll HA KOMILIEKCHOH
npsMof. HMHBapHaHTOM TPOEKTHBHLIX Ipe0oOpa3oBaHuil
H3 IPAMON ABJAAETCSA ABOHHOE OTHOLWIEHHE YEeTHIpEX TOUYEK
C KOODAHHATAMU 2, 2,5, 23, 2,

2;—2 2,—2
D(z,, 2y, 23, 2,) = L, 271
23 — 2a 2y — 2,

Ecian 3Tu 4eTbipe TOYKHM JexaT HAa AEHCTBUTEAbHOU mpsi-
Moii, Hampumep Ha ocu Ox, 10 D(2, 2o, 25, 2,)=
= D (x,, Xy, X;, X,) Oyner aeictBuTeabHbiM. OHO Gyaer
ACHCTBUTENbHBIM W Aaf1 4-X TOYeK, JexamuX Ha ONHOH
OKPYXHOCTH, T. K. NpPU mnoAxoxdulem npeoOpa3oBaHUH
(8.10) okpyxkHOCTL MOXHO mnepeBecTH B ocb Ox. Jlerko
NOKa3aTh, YTO 3TO JABOHHOE OTHOlIeHHe COBHajaeT
C ABOMHBIM OTHOUIEHHEM UeThpeXx TOYeK Ha KPHBOIi 2-TO
nopsaka, BBeaeHHbIM panee ¢&. (1.18) uan (1.19). Takum
o6pa3oMm, 080iiHoe omHouleHue 4-x moueKk Ha OKpPYI;C-
HOCmu  S18As1emcsl UHBAPUAHMOM KpPy2086LX npeobpa3o-
sanuiL.
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4. Kpyrosole 1peo6pasoBauus B IMIOCKOCTH He ucyep-
IBIBAIOT BCEX KOH(POPMHBIX IpeoOpasoBauuil. Mspecrho,
4YTO ecJ/ad 3d1aH0 KOH(pOpMHOe npeoOpasoBaHue B IJIOC-
KOCTH

2* = U (‘:"’ “{‘)
= v, ), (8.11)

10 JUHEAHBIE 3JIeMeHTL IJIOCKOCTH A0 H noc1e 1peodpa-
30BaHHsA CBs3albI COOTHOUIEHUEM

ds* = e*ds’, (8.12)
HJIH

A3 4 dg? = e (d5° + 7). (8.13)

JleACTBUTENBHO, IIpH 3TOM Yroa © MexAy JAByMd
d 6 L2
HAIIpaBACHHSMH d—" H _6% ompefensieMslii 10 GopMmyae

(d&en, + dris)
(@8 + d?) (& + on)

c0s?0 = , © (8.14)

OJHH ¥ TOT XKe A0 M mocae npeobpasoBaHusl.
Ecau npencq‘aemb ycaoBue (8.13) 8 Bupge

< d) ( dt + ——a’n) e (a8t ),

TO A4 q)ymamﬁ 4 H U HUMeeM COOTHOUEeHHUS:
Ou du dv ov

=0
+ % 0
= (&)
\Oc \ o
TH PABEHCTBA YAOBJAETBOPAIOTCSH, KOrjd
Ju __%v 9w 9v (8.15)
03 o’ o 03
WK
LR N (8.16)
0% or ' om0

Y paBHenus (8.15) wuasmiBatorca ycaoBusiMu Kouu —-
Pumana u BreipaxaioT TpeboBaHUS TOro, UTO (DYHKLIHH /i
M U — rapMoHuuecku comnpsaxenhne. M3 Hux caepyer,
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YTO B KOMILJIEKCHBIX KOOPJAMHATAX KOHPOpMHOE npeobpa-
308aHue 3adaemcs Hopmyaol

Z¢=u (&, )+ ivE )= f(2), (8.17)

20e f(2) — anasumudeckass PyHxkyus z.
U3. ypaBuennit (8.16) caenyer, uto koHpopmHOe mnpe-
o6pa3oBaHue MOXHO 331aBaThb TakKike (PopMy.Joil

2¥ = f(2), (8.18)
rae f(z) — aHaanTHueckas GyHKuus 2.

[Tpeo6pasosarius (8.17) u (8.18) Ha3bIBAIOTCHS KOH-
dopmubIMH TnpeoOpa3oBaHUsIMH 1-ro U 2-r0 pojaa COOT-
BETCTBeHHO. [Ipu xoHpOpMHBIX mnpeoOpa3oBanusix 1-ro
pPOZa YIVIbl COXPAHAIOTCH H 1O BeJaHuYuMHe U [0 HAmpaaJe-
HHIO; TOPH KOHPOPMHBIX I1ipeoOpa3oBaHusix 2-r0 pojaa
HanpasJeuHe OTCYETA yrJ1a MEHseTCss Ha MPOTHBOIMOJIOXK-
woe {6, cTp. 92].

B xoopaunarax laycca ¢opmyana (8.13) 3anuceiBaercs
B BUJE :

dz*dz* = e dzdz, (8.19)
OTKy/1a
e2p . dzae . dz—:‘.: ’
dz dz

WIn corsacHo (8.17),

P=f@f @@= @

Takum o6pasom onpenendeTCss Gpyukuus p, 3aaaolas
KOH(OPMHOE npeoépasoBaHue (8.19):

- =)'+ (2]

MoxHo HemocpeacTBEHHO NPOBEPHTH, YTO HaMAEHHOL
P yAoBiaeTBopsieT ypasuenHio Jlamaaca; oTkyjpa caenyer,
4To ¢QyHKOMA p — rapMmoHuueckasi. [leficTBuTeabHo,
dyHKIUSA

9(@) =Inf'(z)=In|; ()i +iargf'(2)  (8.20)
SBASAETCS AHAAWTUYECKOH (PyHKIHMeH, TaK KaK aHa/JIUTH-
yecko#i apasercs f(z2). nOCKOJIbe p = In|f’ (z)| rapmo-
HHYECKast cpyﬂw.uﬂ T0 g=argf’(z) Takxe siBOseTcCs
rapMOHH4YeCKOH (QyHKIHeH, CONPKEHHOH p.



5. HaiijeM HeOOXOAHMO€ M J0CTATOUHOE YCJAOBHE
TOTO, YTO (PYHKIMS

w=f(2) (8.21)
3ajaer Kpyrosoe npeolpasoBatie.
OT nepeMeHHBIX 2 U w NepeiineM K HOBBIM NepeMeH-
neim X u Y, moaaras

z=——}’%, dw = XdY —YdX. (8.22)

CpaBuuBasi BTOPYIO H3 3THX (DOPMYJ C BhIPaKeHHeM
auddepeHurana pyHkuun w = f(2):

o = [ (2) dz = () L= 24X

b

HaAaXOaUM, UTO
X=VFi @), Y=zVF(2). (8.23)

Bynem paccmarpuBatTh X M Y KaK TeKyuiHe KOOPAMHATHI
paauyca BekTOpa R B HEKOTOPO{l BCIOMOraTeabHOM
naockoctu. M3 (8.22) caeayet, uto

dw = (R dR),

rie (RdR)— xocoe mnpousBeneHde BekTopoB R, dR
(cMellaHHOe Tnpou3BeseHHe BEeKTOPoB R, dR u enuHuu-
HOTO BEKTOPA, HEPNEHAHKYJSIPHOTO ILIOCKOCTH 3THX Bek-
topoB)-|7, cTp. 21]|. TlocaenHow ¢opMyay MOXKHO 3amu-
CaTh B BUIE IR~

/S RIARN

\R ) 1. (8.24)

JudgepenurpyeM 3TO PABEHCTBO elLie pa3 H 10Jy-
yaem:

<R 5; > —0. (8.25)

d
Orciona caenyer, uTO BEKTOPHI — M R xonnu-
w.:

HeapHbl, T. €. UMe€eT MECTO PABCHCTBO

d‘l
AR L kR=0" (8.26)
dw?

! Moxno 3amerdTh, uT0 w B popmyse (8.22) u k& B dopmyae

(8.26) coBsmapaior COOTBETCTBEHHO C 3KBHUeHTpoadHHHOH Ayrow u
3KBHUEHTPOAGGIHHON KPHBH3HOH TJIOCKOH KpHBOH R =R (x, ).
[9; cTp. 82—83].
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Yro6sl ONpeneluTh £, COCTABUM KOCOE NMPOM3BEAEHHE
< 'x d
JA€BOH U TMpaBofi 4acCTe#l 3TOr0 paBeHCTBA HA R

dw
Ucnoan3ysa (8.24), noayuum:

p— /AR &R\
\ dw dw?/

[MTepexoauM OT N€PEMEHHOH W K 2 H, BbIpaiKasi BEKTOD
R uepe3 X u Y, noayuaem:
dX d'Y dY 42X
. 3 5 N
k=/_d_R_ VAR (ﬁ) _ dz_dz dz dz
\ dz dz? / \ dw < dw \3

dz

(8.27)
dy d:y
‘HU3 (8.22) Buipasum H — uepe3 X U z:
dz dz?
ay d:x i
dz dz dz* dz? dz

[MpuMeM BO BHMMAaHHE TaKkKe, UTO X=Vf"(). TMon-
CTaBUM 3TH 3HaueHus B (8.27) u moayuum:

k=-— 1 [fm . 3 /f// 2],
20/ L 2\ g7
T. €.
1 :
k= ———1—{w, 2}
201’y { }
Bripaxenue

fvu 3 14 2
{w, 2} =}— — ( . )
fl 2 fl
Ha3biBaeTCsa npoussoAHoit [lIBapua oT yHKHMH @ no 2.
MoxHo 3anncaTth ee W B caeayloLleM BHIE:

o, 2} = d9(z) 1 (d?(z) )2
’ dz® 2 dz ’

rxe :

o=Inf’ (2).
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Ecmu {w, z} =0, 1. e. k=0, To u3 ypaBHenus (8.26)
clefyeT, uTo

AR o,
dw?
HIU
CX o u oy,
dw? dw?
HJH
X=aw-+b
Y =cw -+ d.
Taxkum o6Gpasowm,
o Y _ Ctw+ d_.
X aw 4+ b
Paszpemras 3Ty Gopmyny OTHOCHTEAbHO W, HMeEM:
1z 4 B
- vz 45

OTcioa MOXHO CAe/MaTh BaXHHIH BBIBOL: 0458 mo2o
umobs. anarumuyeckas @yuxyus w = f(z) 3aodasaira
Kpye2080e npeobpasosanue, Heobxooumo i 00CMAmMo4Ho,
yumobs. npoussodnas Lllsapya 3s3moi oyHkyun obpawa-
AQCh 8 HYAb. :

B cayuae npeo6pa3oBaHus uuBepcuu (8.8), apaswouie-
rocsi 4aCTHBIM CJay4aeM KOH(POPMHOro, uMeeM:

dztdzs — ot 2%
[z —2z]!

T. e. ¢pyHkmusa p B ¢opmy.ae (8.13) npu npeo6paszoBaiuu

HuBepcuu Oyner:
a
lz—2z]

p=2In

§ 9. O606uteHHbIe TETPALHKIHYECKHE KOOPAHHATDI.
ABTOTIONSIPHBIA W NOJYH3OTPONHLIK penepbl

1. Hapsany ¢ oGbIYHBIMH OJHOPOAHBIMH KOOPAHHATaMHu
TOYKH HA MJOCKOCTH U B MPOCTPAHCTBE, CBA3AHHBIMH C
IPAMOYTOJIbHONH JE€KapTOBOM CHCTEMOH KOOPJAMHAT, pac-
CMaTPHBAIOT TaK HA3HIBAEMbIE NPOEKTHBHBIE KOOPJAHHATHL.
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YTO6H 3a/1aTh NIPOEKTHBHBIE KOOPAHHATH B NPOCTpPaH-
cTBe OepyT uersipé HJIOCKOCTH, 00pasyiolue TeTpasip.
ITOT TeTpasap HA3KIBAETCH KOOPAHHATHHIM. 3a OLHOPOL-
HEE POEKTHBHHEE KOOPAUHATH TOUKU OepyT yucaa x,, X,
X9y X3, NPONOPUHMOHAJBLHBIE TIPaBbLIM YaCTAM YypaBHEHHH
rpaHe. 3THX KOOPAHMHATAX YPaBHEHHUS rpaHell OVAYyT
Xeg==0, x;,=0, x,=0, x3=0, NPOTHBOJEXKALIUE BEP-
IUHHBL 2y, 2,, Z,, 23 OyoyT HMeTb KOOPAMHATH 2,(t°, O,

0, 0), 2, (0, &', 0, 0), 2,(0, 0, £, 0), 2;(0, 0, 0, %),

a4 B CHAYy OAHOPOAHOCTH 3THX KOODP/AHHAT, MOXHO II0.1O-
KHTH

z0(19 01 01 O)) zl (O’ 19 O’ 0)9 22(0’ Oy 11 0)’
z;(0, 0, 0, 1). (9.1)

[TycTs npousBOAbLHAS TOYUKA X B MPOCTPAHCTBE HMEET
MPOEKTHBHBIE KOOPIAMHATBHL X, X;, Xo, X3 DTy TOUKY
MOXHO PpAa3JI0XKHTb 0O YeTHIPEM BeplIHHAM OCHOBHOTO
TeTpasspa:

X = X420+ X,2| + Xo2, + X323. 9.2)
3anuuieM 3ty dopMyay B koopaunartax. IToayumm:

Takum 06pasoM, MOIHCHO onpedesnms nPoeKmIL8HbLE KOOP-
dunams. mouKku Kax Kod@Pduyuenmst 8 PA3L0H¥CeHiLL IMOIL
MOYKWL NO 8ePUUHAM KOOPOUHAMHO20 Mempasopa U 3a-
nucatb ¢opmyay (9.2) B Buge

X = X2, + X12; + X,2, + X325 (9.2%)

2. B runep6ojnueckofi reoMeTPHH KOOPAHHATHBIN
TeTpPasJAp BHOHPAIOT oOnpeneneHHbBIM 00pa3om, CBS3bIBas
ero ¢ abCoMIOTHOH NMOBEPXHOCTHLIO 2-T0 MOPsAaKa.

Ynompebumeaen asmonoasiprbli mempasdp, m. e.
maKoi, y Komopozo 8CAKAS 2PAHb SABAAEMCS NOAAPOIL
npomusosexNcauiell 8ePULLHsL OMHOCUMEALHO abcoaioma.
CTpoHTCsl 3TOT TeTpasAp caeayowuM 06pasoM. 3a mep-

10 H BTOPYIO BEpUIMHHL (2, U 2,) OepyTcsi ABe NpOuU3-
BOJIbHEIE TOUYKH, MOJAApHBIE ApYyr Apyry. Bce toukwu, no-
AAPHHE UM o0euM, HAXOISITCS Ha NPAMON nepeceueHus
HOMIAPHBIX IIOCKOCTEH 2, M 2,. 32 TPeThl0 H YeTBEPTYIO
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BEPIIMHB (2, U 2,) GepyT ABe NOJSAPHO CONPSKEHHbIE
TOUYKU HA 3TOit npamoit. Takum o6pa3om, BCe BePUIHHL
aBTOMOJSIPIOTO TETPas3/Apa TOJAAPHO CONPSAKEHB APYT
APYyry.

Ecau Touku 2, m 2, aexatr Bue a6coa0Ta, TO npi-
Mas, NoJspHas uM, mepecekaetr abCoOJMT, U TOUKH 2, H
2, Jexar oJHa BHYTpH abco.aioTa, apyrasi Bue. O6paTHO:
ecau 2, U 2, JexaT OAHAa BHVTPH, Apyras BHe abCOJIOTA,
TO 2; U 2, JieXKaT Ha npAMOH, He nepecekarouieit adco-
JIOT, T. €. BHe abcoamora. CienoBaTesbHO, U3 UeTHIpPEX
BEepIUIMH aBTOMOJASIPHOTO penepa Bcerja TPH BEPIUHHE
JexaTt BHE abCoJiTa, 0JHA BHYTPH.

[TycTe ypaBuenue a6cogaioTa

3
Y upXaxz=0. (9.3)
a, 3=0

[TonspHoe mnpousBeseHue TOYeK Z; U 2; OyneT mpu
3TOM

3
(Zl- z}) = 2 a/rxS Zia 213 . (9.4)
a, 3=0
YcaoBu€ MNOJNAPHOH CONPSAKEHHOCTH TOYEK 2, M 2
3alMChIBAETCSA B BMJE

(2,2;) =0 npu = j. (9.5)
Ycaosue, 4TO 2, 2,, 2; Jexar BHe abco.0Ta, a 2Z,--
BHYTpH, OyleT
(2020) <0, (212)) >0, (2525) >0, (2523) >0.

Hopmupyem BepiiuHb Tak, 4TOOBI
— (2020) = (212)) = (2,2,) = (2;25) = 1. (9.6)

M3 ycaosuit (9.5) u (9.6) caeapyer, uTO a.3=0 npu
aF3 M —aypy=0ay =0y =20, T. €., UTO ypaBHeHUE
a6CcoJI0Ta B CJyyae aBTOMOJSPHOrO pelepa MOKHO MNpH-
BECTH K BH]Y:

2 2 2 2 ___
— X5+ X7 + x5+ x3=0. (9.7)
HopmupoBauue BepiHH, ONpeAeNeHHOe YCJAOBHIMH

(9.6), COOTBETCTBYET TOMY BEIQOPY KOOPAHMHAT BEPIIHH
(9.1), koTOpHIfi ObIT caesaH paHee.
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Brmuiuem oTaenbHO MaTpHIy IMOJsAPHHIX NPOU3BEje-
HA# 2, U 2; B pacCMaTpUBaeMOM HAaMH Cayuae:

2, ‘ 2, 2, l 2
2 L] 0o | o
2, 0 1 0 0 . (9.8)
23 0 0 1 (;~
‘zo 0 0 0o | —1

Bu6opy xoopauHaTHOrO TeTpasApa B IPOCTPAaHCTBE
COOTBETCTBYeT B KOH(DOPMHOH MIOCKOCTH BHIOOD 4YeTHI-
pexX OCHOBHBIX KpPYTOB, COCTABJAAIOIIHX KOOPAWHATHHIK
penep mA0OCKOCTH. Besikuii nsiThiit kpyr (MAM TOYKa) Bbl-
paxaeTcs Kak JHHeHHass KoOMOUHANUA YeThPeX OCHOBHHIX
no ¢opmyne (9.2"). Kosgppuyuenmor x' 8 gopmyse (9.2°)
HA3bL8aMCs 0000u eHHbBIML  MempPay LK ALEeCKUMU KOOp-
oJurnamamu kpyza (wau mouxi).

cjaydyae aBTOMOJIIPHOrO penepa TPH M3 OCHOBHBIX
KPYroB AeficTBuUTE/JNbHBI H OgHH, COOTBETCTBYIOMHA BHYT-
perde#r Ttouke abcoaloTa, — MHUMBIHA. Bce 3tu xpyru
B3aUMHO OPTOTOHAJbHHL.

Terpamuk/IuueCkue KOOPAHHATH TOYEK ¥ KpyroB,
BBEICHHHE paHplle, — 3TO KOOPJAHHATHL COOTBETCTBYIO-
IMHX TOYEK NPOCTPAHCTBA IO OTHOMIEHUIO K AEKAPTOBOI
CHCTeMe Koopaunaf. KoOpaAUHATHBHIA TPEXTPAHHMK AeKap-
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TOBOM CHCTEMbl B IIPOCTPAHCTBE MOXHO DPaccMOTper,
KaKk AaBTONOJISIDHBIH TeTPasap, y KOTOPOro BepIllHHy
conagaioT ¢ HauwaaoMm koopauuat O0(1, 0,0, 0) u ¢ Heq
COGCTBEHHBIMH TOYKaMH OCeH: OCH Oz——C(O 1, 0, 0)1
Ox— A, 0,1, 0), Oy —B(0, 0,0, 1). OdTuM BepumuHay]
B KOH$OPMHOH nnocxocm COOTBETCTBYIOT KPYIH: TOdKe
O — MHUMBIH SO 24 q9*=—1, Touke C — AeHCTBUTE -
HHIH KPYT 3+ 4°=1, Touke A -ock i=0, Touke B -
och 7 =0. Takum oépasoM, OOBbIUHBIE TeTPaUMKJINUYECKHe
KOOPAHHATBL MOXHO pacCMaTpuBaTh Kak Ko3dpduunueHrty
Pa3/I0XKEHHUsl KPyra 1O 3THM CHEIHAJbHBIM YEThIPEM Kpy-
ram.

3. Hapsdy ¢ asmonoasippets, npumensiom u 0pyzoi
penep, Ha3vlBaeMblii NOAYU30OMPONHLLM. 34 [Be ero
BepPUIHHBI OepyT 1B€ MOJSPHBIE OTHOCHTEJ bHO abCOaI0Ta
TOUYKH 2; U 2,, J€Xalue HA NPOU3BOJbHOH NPAMOH, He
nepecexamwinet a6Ccog0T, HPOBOAAT Yepe3 3Ty NPAMYIo
JBe IIOCKOCTH, KacaTeJbHbie K abcomioTy. 34 BepUIMHH]
2, U 2, TPUHUMAIOT TOUKH KAaCAHUA 3THX IOCKOCTeli|
OHH NOJASPHO CONPSIAKEHBI TOUKAM 2, U £, HO HE CONps-
KeHbl APYT OTHOCHTEJNbHO JApyra, T. €. HMEIT MeCTol
paBeHCTBA |

(212,) = (212;) = (2,2)) = (2,2;) = (2,2,) = 0. (99)1

BoIGUpalOT Takoe HOPMHPOBAHHE OXHOPOLHBIX KOO
AHHAT, YTO

(712)) = (2,2;) = (22,) = 1.
Torna ypaBhenue abcoqiora (9.3) nmpunMMaeT BHUA:
x4 12+ 2x,x3 =0, (9.10)

3anuueM MaTpPULY MOJsPHLIX NPOU3BEAEHUI Bepilull
NOJAyU30TPONHOTO penepa:

2 2. 2, 2
2, 1 o | o I 0
2, 0 1 o | o (9.11)
2 0 0 0 ] 1
zo- 0 0 1 0
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. B xondopmHOH MI0CKOCTH BepIHHAM 2, U 2, COOT-
BETCTBYIOT. KPYrH, OpTOroHalbHEIE APYT APYrYy, a BepUIH-
1aM 23 H 2y — BHPOXJAEHHbIE KPyrH, T. €. TOUYKH, OOIIHE
1ByM De€PBHM Kpyram. IOTO MNOJYyU3OTPONHLIA penep B
wiockocTH. O606IEHHBE TeTpanuK/IMIeCKHe KOOPAHHA-

2 2

Z4

rbl Kpyra (WIH TOYKH) B 3TOM cCayude — KOPHIUECHTHI
pa3ioXeHHs Kpyra (MJIH TOUKH) 110 KpyraMm z,, 2, U TOuU-
kKaM 23 H 2, Ocu 00blyHO# HEeKapPTOBOH CHUCTEeMbl KOOD-
IHHAT B MJIOCKOCTH MOXHO pacCMaTpHBaTh KaK MOJY-
H30TPONHHA pemep, CUUTasgs OCH £ U % B3aHMHO OPTOTO-
FOHAJbHHMH KPYFdMH #; H 2Z,, 4 HYJEBYI0O H 6€CKOHEUYHO
yAaAeHHYyI0 TOYkKH, obmue npameiM =0 u % =0, TOU-
KaMH .3 H 2,.

bDyaeM B pajabHediuieM, TOBOPS O TeTPalHKAHMUECKUX
KOOpAHHATAX, MOAPa3yMeBaTh 000O6ILEHHbIE TeTpPaluKJIH-
JeCKHe KOOPJHHATH, COOTBETCTBYIOUIUE ONpPeAeJeHHOMY
BHI6OPY KOOPHHHATHOTO pemnepa.

§ 10. AudpdepenuuanbHas reomMeTpus
nocaen0BaTedbHOCTH KPYroB B KOH(OpPMHOM
NJOCKOCTH

1. KpuBoit TpexmepHOro runep60o1uueCcKOro 11poCTpaH-
CTBa, KaK MOCJEIOBATEIbHOCTH TOUYEK B . KOHPOPMHOMH
IOCKOCTH COOTBETCTBYET 70C.2e008ame.nbHOCb KpYy208.
ITO. MHOXECTBO KPYroB, KOTOpPOe 3a1aeTCs apaMerpu-
4ECKHM ypaBHEHHEM

x = x(!), (10.1)

rae f-- NPOH3BOJAbLHLI MmapamMeTp # X (f) — 1uddepeHu-
pyemass HYXHO€ 4YHCJAO pa3 BEKTOP-pYyHKUHUSA, TNpUUEM
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x° == (xx) = (%— %) > (). CuplC1 3TOrO OrpaHHuyenHs|
OyaeT BbIACHEH MO31Hee.

PaccmorpuMm HekoTtopeie JauddepeHHasbHO-TeoMeT-
pUueCKHe CBOHCTBA NOCJAENOBATEAbHOCTH KPYrOB B KOH-
(bopMHO# maockocTu. Ilpexie BCero OTMETHM, 4TO €CJH
X 337aHa KAHOHMUYECKUMHM KOOPIHHATAMH, T. €. Xi=1,

TO
(xx)=0. (10.2)
[lpu usmenenvu nmapamerpa f:
t == J(t%)
Gyuxuust x (f) MeHdeTcs:
x (£) = x (f (£%)) = x* (£7).
[TpoussonHasi ee Mmeissercd 1o ¢gopmyJae
ax® dx  dt

Py
—_—

dat# dt ) ats

.

Tak kak nupu 3TOM
. X% dxi\ e o | dx  d
X" 4X7N gpr = &8
dts  dt* dt dt

ds = ]///‘_’_’f_ Qi) dt =1/ % dt (10.3)

TO

\dt dt

He MeHfeTCsl IPH H3MEHEeHHW lapameTrpa f u, CcJaeoBa-
TeJbHO, SIBJAETCS HHBAPUAHTOM 110 OTHOLIEHHIO K Tpe-
00pa30BAHUIO NapaMeTpa.

Jlnag 1npoCrpaHCTBEHHOH KPHBOH THIIEP6OJHUECKOTO
IIPOCTPAHCTBA, COOTBETCTBYIOLIEH PpaccyMaTpuBaeMoi no-
C/ej10BATENBHOCTH KPYIroOB,

0= f V £t (10.4)
to

ABJAdeTCA QJHHOHW Ayr", T. €. HATYP4a.1bHbIM [apaMeTpoM.
B § 2 310 6bi10 mokasaHo dopmyaod (2.22) aas cay-
yasl runepOONHUCCKO MI0CKOCTH. 15 11pOCTPaHCTBE BCE
pacCy:K/J1eHHsi COBEPUIEHHO aHAJOTHYHBL
bydem Ha3vieamb G HAMYPANbHULIL NAPAMEMPOM U
oA nocaedosamenbHOCmiL Kpy208 X = x(t) 8 Kowifiopu-
Holl naockocimu M,.
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BbISCHUM TeOMEeTPHUYECKHH CMBICA 6 B NA0CKOCTH M,.

MasectHo (u3 § 4), uTo pacCTosiHue MexJay IAByMs
TOYKAMH B THIIEPOOJUIECCKOM TNPOCTPAHCTBE COBNAJAET
C yIJIOM MeXAY JABYMS KpPyraMu, COOTBETCTBYIOLLHMH
3THM TOYKaM B KOHPOPMHOH maockocTtu. [lostomy Aub-
depeHuuan do, mNpPerCTABAAIOWHUI PACCTOSHHE MEKAY
OeckoHeuro OJMHM3KMMH TOUYKAMU KPUBO# B runepboauue-
CKOM TMPOCTPAHCTBE., fBJAAETCA B TO XK€ BpeMs YIJIOM
do mexay AByMs OeckoHeuHO ONU3KHMH Kpyramu mocae-
1oBateapHoct. M3 (10.3) caepyer, urto

dop —y/ dt. (10.5)

Ecau nocnenosatennbHOCTL KPYroB 3ajaHa KAk (PyHK-
UHS HATYpaJbHOrO Mapamerpa

TO AJ5 Hee

do = do = l/x’ ds,
x*=1 (10.7)

(mTpuXH 03HAUAOT JUDepeHHHpPOBaAHHE [0 HATYpPalb-
HOMY MnapaMeTpy o).

2. B 1anabHeiilieM DpH HCCA€NOBAHUH 1OCJEL0BATE.1b-
HOCTH KPYroB CyILIECTBEHHYIO poJb OyaeT Hrpatb OTu-
Oamouas nocaenosareJbHocTH. Orubalou@as nocaegoBa-
TeabHOCTH KpyroB (10.1) Moxer COCTOATL H3 ABYX BeT-
Beill, OJHOH BE€TBH WAH ObITh MHUMOH. Haifinem anaautu-
yeCKHEe MPHU3HAKH BCeX 3THX CiayudeB. OG03HAYUM uepes

VU M U XxapakTepuCTHYECKHMe TOUKU orubawlefi, T. e.
TOUYKH, B KOTOPHIX orubamomas kacaercs Kkpyra mnocJje-
AoBaTteqbHOCTH. Kawxnaas xapakrepucTHueckass TOUKa
JEXKUT HA JAHHOM M HA 6ecKOHeyHO OJHM3KOM Kpyre, T. e,
VIOBJeTBOPSIET ABYM YDaBHEHHAM:

(xv) =0
(x 4+ dx v)=0.

Ho (x -+ dx, v) = (x + x dt, v) = (xv) df. TlosToMy BTO-
poe ypaBHeHWE MOXKHO 3amucatb B 60.€e NPOCTOM BH/E

(xv) = 0.
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Taxum 06pa3oM, KOOPAHHATH XapaKTe PHCTHYECKHX TOYEK
onpenendOTCss U3 ABYX YPaBHEHH:

(xv) =
(xv) = 0.

B runepbosuyeckoMm npocTtpaucrse ypasuenus (10.8)
BBIPAXKAIOT, YTO TOYKA ¥, COOTBETCTBYIOmAs XapaKTepH-
CTHYECKOH TOYKe, JI€XHT HA NPAMOH, noJaspHOH NPAMOH,

npoxoadauei yepes To4kd X H x. Kpome toro, aTa Touka
U AOJXKHA JexaTtb U Ha abcouaiote. B 3aBucuMOCTH OT

TOro, nepecexaer Ju 1oaspa npsmoit {x, x! a6couaioT,
KacaeTC €ro WJauW He mepecekaeT, UMEIOTCH AB€ ACHCTBH-
TeJbHBle, OJHA JEHCTBHTEJNLHAA WM [Be KOMIIIEKCHO
CONPsiXKeHHBIE XAapaKkTepPHUCTHUYECKHE TOuku. HTOOGH moJy-
YUTh AHAJTUTHUYECKHE YCJOBRHUS MAJS BCEX 3THX CJAyyaes,
Hag0 pewatbh COBMECTHO YpaBHeHUE [OJsAPH NPAMOH

lx. x} u abcomota. Ho BMECTO MOJIAPH MOXKHO. paccMoT-
peTh caMy mpamyio |x, x}, 33/aBaeMyl0 Yy PaBHEHHEM
u=hx + px, (10.9)
T. K. noJasipa nepecekaet abCoJI0T, KaCcaeTCs €ro WJIH HeE
nepecekaeT, KOrja cama mpsmas He nepecexaer abCoOJIOT,

KacaeTCs €ro WiIM mepecekaeT COOTBeTCTBeHHO. Ecau
Touku upamoit (10.9) sexar nHa abcogwTe, TO

(Ax + px)* =0,

(10.8)

H/IH

2 . . i
(l,) x2 4+ 22 () + £2 =0, !

i, B cuay (10.2),
A 2 ‘9
<——) + x°=0.

Orclona caeayer, 4To npu x? >0 npsavas (10, 9) He
uepeceKaeT a6conoT, 1upn x°=0 kacaeTrcsi €ro Hu Opu
x> < 0 nepecekaeT B ABYX TOYKAX. CnepoBaTeAbHO, NpH

x2>0 xapamepucmqecxue TOYKH U M U nencmmenb-
HBI M PasMUUHBL, MPH x*=0 ¥ 1Y CoBNALAOT, IPH x>0

¥ 0 U MHUMblE. B nepsoM CJayuae orubatowas nociaeno-
BaTeJbLHOCTH KPYroB HMeeT JaBe BeTsH, BO BTOPOM —
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OJHY, B TpeTbeM — AeiCcTBUTENbHON Oorubamwieii He cyuie-
crByet. Ycaosue x® >0, Benennoe B Hayase maparpada,
O3HauaeT, UYTO Mbl OZPAHULUBAEMCST PACCMOMPERILeM
maxkux nocnedosamesbrocmeil Kpy2os, Komopsle umenm
dse delicmsumesvHble gemsu ozubawuel.

Jlast kpyra, onpenensemoro BekTopom X, u3 (10.2) u
(10.8) UMEIOT MECTO CaeiyIollHe PaBeHCTBA:

(xx)=0
(vx) =0 (10.10)
(vx) = 0.

ITocneanue nBa paBeHCTBAa MOKAa3bIBAIOT, YTO 3ITOT KPYyr
MPOXOAUT 4epe3 XapaKTePHCTHUYECKHE TOUYKH; IliepBOe —
YTO KPyrH X M X OpTOoroHaiabHel. Kpyr x Ha3sbBaioT
HOPpMQAbHBLM KPYTOM IO OTHOLICHHIO K KPYyry x.

M3 (10.7) crepyer, u4TO MNPOHU3BOAHBIE 110 HATYypaJib-
HOMY napaMeTpy AAIOT KAHOHHYECKHE KOOPAHHATBL HOP-
MaJIbHOTO Kpyra.

ITpu ucroakoBanuu pasencts (10.10) B runepGoanue-
CKOM NPOCTPaHCTBE MOJYy4aeM, UYTO X — TOUKA, SBJAIO-
W@ascsi N0M0COM MIOCKOCTH, NPOXOAsiumled 4yepe3 TOUKH

X, 0 u 9.

Bynem npeanoaarats a5 JajdbHellero, 4to IocJae-
Jl0BaTeNbHOCTh KPYroB 3afaHa (YHKIMEH HaTypaJbHOTO
mapamMerTpa

x = x(0).
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CasiKeM € KaXAbIM KPyIOM IHOCAea0BaTelbHOCTH MecCT-
Hbli IIOJYH30TPONHBIH penep, COCTOSILHE H3 CaMOro
Kpyra X, HOPMaaAbHOTO €My Kpyra 2 = x’ W ABYX Xapak-

TePUCTHUCCKHX Touek ¥ U 9. Coraacio (9.11), umeer
MeCTO CJeAyomas Tabauua TNOJASPHBIX IPOH3BELEHHH

BeKTOPOB X, 2, U, ¥:

X 2 v ‘;
X 1 0 0 0 |
2 0 1 0 0 (10.11)
v 0 0 0 1
2 0 | 0 l 1| o

YcnoBue 90 = 1 uMmeeT MECTO NIPH MOIXOASILEM HOP-

~

MMPOBAHHU ¥ U ¥U. DTO HOPMHPOBAHHE YyCTAHAB/IMBAETCS
C TOYHOCTBIO 10 Npeo6pa3oBaHuUd

A

D — )0, %-_—-;—5, (10.12)

rae h =k (¢)— n1pousBosibHAs QYHKIMSA, y, 10BIETBOPAIOLAS

TPeOOBAHHAM HEMPepPHIBHOCTH U AuddepeHuH pyeMOoCTH.
Hafinem aas nocnegoBaTeIbHOCTH KPYyroB x = x (o)

depusayuonrnsle Popmyasl, T. €. GOPMYyJabl, AAlOLHE pas-

JOMEHHUsI TPOU3BOJHHX OCHOBHBIX Kpyros X', 2, ¥, ¥ no
9TUM 4YeThIpEM Kpyrau.
[MepBast popmysa nosyyaeTcss aBTOMaTHYECKH H3 ompe-
peaenusi: x' =2.
UToOB MOJYYHTb BTOPYIO, NOJOKUM
2 =ax+3z+ 10+ v
H Ha#figeM Bce KO3(hPUUHEHTH.
R
= (x2')=(xx")= —1, 1ark rak x" =1 u (xx)=0.
I4 . 2 .
3=(22)=(x'x") =0, tak kax u3 x’"=1 cjaeayer, uTo
2(x'x")y=0.
Ias koapduuuentos 7 U 6 BBeseM .0003HAYEHHs:
- I~ ~
= (@) =7, 8= (2'v)=c.
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Takum oO6pasom, BTOpasi [epPUBaLUOHHAsA opMy.a
3aNUIIEeTCs B BHJE

’

2 =—x+cv+ o
[TosroxuMm
"=mx+nz+ pv+ go

U onpeaeaum m, n, p, q.
m = (xv) =0, Tak KaK (¥0) =0 u (x'v)=(29) = 0;

n=(29")=—c, tax kak (v2)=0 u (v2’)=c;
qg=(vv") =0, 1éK xak (v9) =0,
p = (v'v).

IMopxoasuwum 06pa3oM HOPMHPYS U H V. MOXHO LO-
O6utbca, utobnl (9'v)=0. HeictBureabno: u3 (10.12)
A

~

A \ A Y
caeayer, uto o =210 4 20" u, 3uauur, (9’ )=—+

~ A~
+ (v'v). Ecan norpe6osats, uTo6el (v'v) =0, TO B Kaye-
~ () as
CTBE A HAAO B3ATb A = Ae , rae A — noCTosiHHas
HHTerpupoBanusi. CiaenoBaTeNbHO, TIPU MOAXOASILEM Bbi-
A

A ~
6ope A noayuuMm p==(v'v)=0. B paavHeiimiem Oyaem
CYMTATh ¥ U ¥ BHIOPAHHBIMH HMEHHO TakuM 00pa3oM u

3Ha4OK A OHCATh He OyaeM. PYHKHMM U H © Telepb
onpejeseHbl C TOYHOCTHIO A0 npeobpa3oBaHugd

v* = Ao, 5*231—‘0, (10.13)

rie A — npou3BOJbHAS NOCTOSHHas.
TpeTbst nepuBanuoHHas opMyJa 3aMHCHIBAETCS B BUJE

v = — cz.

AHanofMYHO NOKa3biBaeTCd M yeTBepras popmyaa

/

UV = — c2.

[Tpu 3ToM MCHOJAb3yeTcs, YTO TaK Kak (vv)=1 TO npu

(v'0) = 0 oxHoBpeMeHHO U (VV’) = 0.
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Takam o0paszomM, noayteHsl caedyouue Oepusayiot-
Hble POPMYLbL NOCAE008AMENbHOCTIUL KPY208:

x' =z

2 =—x+cv+co

v — — oz (10.14)
v = — cz.

Marpuua xoahduuueHToB 3THX POpPMys uMeeT CJe-
AyIOUHA BHI:

x| 2z | o l p
X’ o | 1| o ! 0
SRR (10.15)
v’ ] 0 l—cl o | o
o | o |-t ] o | o

CyiecTBEHHO Pa3IHYHLIX KO3(p(PHUHEHTOB B POPMY-

aax (10.14) zBa: ¢ u c. OHH He SBIKIOTCA a6COMIOTHHIMH
uHBapuaHtamu. Ilpu nepeHopmuposanun (10.13) ¢ nepe-

c ~ ~
XOIHUT B e a ¢ B Ac. AGCOIIOTHBIM UHBAPUAHTOM OyjeT

-TIpou3BeeHue cc. TlpumeM 3a nepselit abcoromHoLil  wH-
sapuarm

b= —2cc. (10.16)
Ecau b =0, 10 no kpaiiHeii Mmepe onHa H3 BEJHYUH—

¢ uau ¢ — paBHa Hyaw. Ecaum ¢ =0, To u3 (10.14) u v'=0,
T. €. TOYKA ¥ NMOCTOAHHA. ITO 3HAUMUT, YTO BCE KPYTH
HOCJAEA0BATEILHOCTH TPOXOAAT uepe3 OAHY TOUKY H

OC/Ee0BATEILHOCTL UMEET TOJbKO OJHYy OTHOAIILYIO T.

Ecan c=c¢=0, To 06e TOYKH U H U NIOCTOAHHBI, BCe
KPyTH NMPOXOASAT uepe3 ABe (GPUKCHPOBAHHBIE TOUKH, T. €.
NOC/a€e10BaTeAbHOCTbh KPYrOoB NpPeACTaBIsieT MyYOK.

Abcoaomuemu unsapuarmamu 6yoym maxHce 6u.pa-
HCEHU ST

g=.§_, (c£0)u g=°—, (¢ £0). (10.17)

az]iz
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HHuBapuaHThl b, g, g HE SIBASIOTCS He3aBHCHUMBIMH H CBfl-
3aHbl (POPMYJON

/

—h~=g+§. (10.18)

Orcio1a caenyet, 4To NOCIEAOBATENLHOCTL HMMeeT JBa
HG38BHCHMI:IX aOCOMIOTHBIX HHBAapuaHTa. 3aBHCHMOCTH
b=b() U g=g(s) AN TOCAENOBATEALHOCTH KPYroB
HrpaloT B U3BECTHOM CMBIC/IE POJb HATYPAalbHBIX ypas-
Henuit, OHW onpeneasiioT NOCJAEL0BATENbHOCTL C TOYHO-
CThI0 10 KpPYroBoro npeoOpasoBanusa. [(elCTBUTENbLHO,

3Hag & M g, MOXHO ompexenutb u3 (10.18) g; u3 g u g

MOXHO Onpeieauts ¢=c(s) U ¢=c(s) 1o opmyaam
(10.17); 3arem mo dpopmynam (10.14) MoxHO HaliTH X, Z,

¥, . DTU peilleHus ONpeaeasloTCs, €C/JIH 3a4aTh Havyanab-
Hble 3HauYeHHd BeKTOpoB. [locaenoBaTenbHOCTH, COOT-
BETCTBYIOIHE PA3JMYHLIM HAYAJAbHBHIM 3HAYeHUAM, MNepe-
BOXATCA JAPYT B APyra KPYyroBEIMH npeo6pa3oBaHUIMHU,

4, HaiineMm compukacamouiuiicsi kpyr y orubamouei v ()
JAHHOH NMOCJAeA0BATeNbLHOCTH KPyroB. OH NPOXOAHUT yepes
Tpu 6eCKkOHe4YHO GJu3KHEe TOYKH KPUBOH ¥, U, CJACLOBA-
TeJIbHO, AJfl HEro WMeKT MeCTO pPaBeHCTBA:

(yo)=0, (¥, v+ dv) =0, (y,'v+d‘v+%d2fo)=0,

T. €.

(yv) =0
(yv') =0 | (10.19)
(yo')=0.

ByaeM CUMTATL, YTO Y UMEET KAHOHHYECKOE HOPMH-
poBanue (¥y°=1), u HalileM €ro pas/loxKeHHe MO OCHOB-
HHIM KPyTram NoJyH30TpPOnHoOro penepa. [fonoxum

y=oax + 32+ 1v + o,

M3 (10.19) caepyet, uto 6= (yv)=0. H3 (10.14)
noayuaem, uto (yv’) = — 8c=0. Ilonaraa ¢ # 0, umeem,
yto 3=0. U3 ycaosus y*=1 creayer, uto 1 =20’

TOYHOCTHIO 10 3Haka a=1. YToOm oOnpeaenuTs 7,
HA0 HCMOJL30BATH (10. 19) Hpeﬂsapmenbﬂo u3 (10.14)
Haitnem v”: - -

9’ = — cz——c(-x+ cv + D).
69



YMHOXKHEM ¥7 Ha ¥ = x4 7V ¥ NOIy4YHUM
c— =0,
OTKYyJa

1
T=—.

c

Takum 06pasoM, conpuxacaowuics kpyz Kpusoil
v = ¢ (o) 3adaemcs opsyaoi

y=x4+1o (10.20)
C

AHanorn4yHoO, CONMPHKACAWMIUACA KPYr RTOPOH KPHBOMH

U =9 (c) onpeneasiercs BEKTOPOM

.;=x+~i5- (10.21)

c

[locnenoBaTeabHOCTh  KPYrOB, CONPHKACAIOUIHXCH
K KPUBOH ¥, UMeeT TOJbKO OAHY BeTBb OrHbamwoei.

He#icrBureanto, u3 (10.20) umeewm: -

¢’ 0’ ¢’/ ¢’
—Ut ~=2——V—2=—— O
. ¢ c? c?

(nupdepenuupoBaHHe HAET MO HATYPaibHOMY IapaMmeTpy
NOCJeJ0BaTEeNbHOCTH X).

OT1crona
2 \2
vy = (%) v = 0.
c

Haiinem yrosm wmexay cONpHKAcCalOUUMUCA KpPYyramu

Yy u y. Tak KaKk 3TH Kpyru 3aJaHbl KAHOHHYECKUMH KOOp-
AHHATAMH, TO ‘

7 /
=X —
y c

~ 1 2
cose=(yy)=1+-—=1 -
: cc !
Orcloaa

2 . 2P
r 1 —cosg=2sin )
H, CJIe10BaTeJabHO,

b= . | (10.22)
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JTta Qopmyaa JaeT reOMETpPHYECKOE HCTOJKOBaHHE HHBA-
pHanta b yepe3 yroa Mex/Jly CONPHKACAIOIUMHCH Kpy-
ramu orubarmouei.

Ecau ¢ unu ¢ o6pamatworca B uyab (1. e. b =0), To
¢opmyna (10.20) nau (10.21) Tepsier cmbica.

5. PaccmMOTpHM 4YAaCTHHH CJAy4a#d, Korjga Bce KPyru X
MOCJeN0BaTEAbHOCTH OPTOrOHAJbHBI HEKOTOPOMY IO-
CTOAIHHOMY Kpyry R. PasjoxXHM 3TOT KPYT O OCHOBHBIM
KpyramM MeCTHOro mnojsiyusoTponHoro pemepa. Ilycto

k= ax -+ 3z 4 10 -+ 80. (10.23)

Tax xax x oproronanen R, to (xk) =0. [lupdepeHuupys
3TO PaBEHCTBO M YYUTHIBAA, UYTO KPYr R NOCTOSIHHHI,
noayuaem Takxke, uto (x'k)=(2k) =0. Orciona umeem,
yTo B pa3aoxenud (10.23) xospduuuentsl a u 3 oﬁpa-
IAI0TCA B HYJH, T. €.

k = v + 90. (10.24)

B cuany nmocTosHcTBA Kpyra R JOJIKHO BbIIOJHATHCS
yCJI0BHE

dk

dc

10’ +Sv + v + 8’0——0
A (mocJje 3ameHnl ¥ u v’ 10 (bOpmynaM (3.19)) ycaoBue

— (e +8c)z+7v + dv=0.
Tak kak BekTOpH 2, ¥, ¥ JUHEHHO He3aBHCUMBI, TO
OTCI0Oa CAeAYeT, YTO

7 =0,
3 =0, (10.25)
T¢ -+ Sc = 0,

~

T. €. K03(p(PuUHeHTH 7, 8§ MOCTOSHHBL H C, ¢ OLPEALISIOTCS
yepe3 OJHY (PYHKIHIO:

¢c=»A(c)d
9 (10.26)
C = — A (C) 1

Takum o6pa3oMm, 6ce Kpyzu nocaedosamesbHOCMU
OPMOZOHANbHOL K HEKOMOpOMY NOCMOSAHHOMY Kpyey R,
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eC/IH MapaMeTpEl ¢ M ¢ 3TOH MOCAENOBATEABHOCTH HAXO-
asaTcs B JuHeRHoft 3aBucMMOCTH (10.25;) ¢ mMOCTOAHHBIMH
kodppuuuentamu. IlocToAHHBIH Kpyr & 3ajxaeTca Ipu
aTOM paBeHCTBOM (10.24).

W3 (10.25) crenyeT, 4TO ¢ =v¢, THe V= — — — 0O-
7

ctosihHasA. [Ipu ponmycTHMOH NepeHOPMHUPOBKE BEKTOPOB

(10.13) napaMeTpsl ¢ H ¢ Npeo6pasyloTcs 1O (GOpMyJIaM:
A

A
/\ ~ 1 ~ A ~
c=Ac, ¢ =c Orciona caeayet, uto ¢=vA%. Ilox-

Ooupas noaxoxsiumuMm o06pasoM A, MOXHO 100HTbCH, YTO-
6B ¢ = + ¢. Tak kak b= — 2cc, TO PaBeHCTBA € = — (¢

MOXHO 106HThCca npu b > 0, paBeHctBa ¢ =c¢ npu b <O0.
N3 (10.24) u (10.26) caenpyet, 4TO

~

(k) =218 = — 255 — & (10.27)

/.
Orclofa BHAHO, UTO NOCMOSAHHbIL Kpye R . Oydem Oeil-

cmeumensHoinm, ecan b > 0. [lpu smom ¢, c <0, u 8 cury

~

(10.25;) « (10.17) g=g. [Mocmosunwir kpye: k OGydem

mHumbim, ecau b <0 u g=g. [locmosuusili Kpye R 8oti-
poixcdaemcss 8 mouky, ecau b=0. YciaoBue (kx)=0
BHIDAXXAeT B 3TOM CJayuae, YTO BCe KpPYId IOCJAEAO0Ba-
T@IbHOCTH NPOXOAAT depe3 OAHY TOUKY.

Ecan npunate kpyr R 3a a6coawoTt, TO, Kak ObLIO
MOKa3aHo B § 7, u3 rpynnel KPyroBblx npeoOpasoBaHUH
BBLAGASETCH MO Tpynna npeoﬁpaaonaunn, Jexamast B oc-
HoBe runepGoanueckoil (mpu K >O) MJIUNTHYCCKOH
(npu k* < Q) nau epkaunoBoit (npu k*=0) reomeTpuu.
Ilpu sToMm paccMaTpuBaemMasi nocjae 0BaTeAbHOCTL KPYroB
B IVIOCKOCTH M, u3obpaxaeT MOCJAeN0OBaTe/NbHOCTDL IIpsi-
MBIX B runep06oJHuYeckoii, 3JAMUNTHYECKOH HJIH EBKJIUAO-
BOH IJIOCKOCTAX CooTBeTcTBeHHO. OTCioaa CJAeAyeT, 4TO
IJIOCKass KpHBas, Kak OrubGaminas npsaMbXx B THNEp60Ju-
YeCKOH, IJJAUNTHUECKOH HJAU €BKJAHJAOBOH IVIOCKOCTHX,
HHtepnpetupyercs B M, kak orubaiomas CHeLHaJbHOM

MOCJAEA0BaTEAbHOCTH KPYroB, Aas kotopo# 6 >0, g=g
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nim b <0, g=g nau b=0 coorBercTBeHHO. [eopuw
KpusoLx 8 HeeBKAND08bLX U Ee8KAU00801 NAOCKOCMAX
MOJCHO paccmampusams KAK Meopur 3mux crheyuans-
HbLX nocaedosameabrHocmell Kpyeos 8 M, . Kaxnoii Touke
KPHBO#i B MJIOCKOCTH COOTBeTCTBYeT B M, mapa Touek

¥ u v orubawuen.
ITycts 6 > 0. Coraacuo (7.2),

V=m -+ 1/- m’k
- 2
V=m — 1/— m° R,
rae m — TOYKa B THNepO6OJUYECKON MIOCKOCTH, 06pasom

KoTOpo#t B M, IBASIOTCS TOUKH ¥ U 0. TOUka m HaXOAUTCHA
BHYTDH abcosaiora. [IpoHopmupyem ee€ Tak, 4YTOOH
m*= — 1. Torxa

Vv=m-+ k

v=m —R.

Orciona CJIGD.%QT, yto dv =dm. Ho u3 (2.22) caenyer,
uro dm®=ds® riae s-— HeeBKAWAOBA 1IHMHA Ayru. [lo-
3TOMY
* ds* = dv’. (10.28)

dta dbopMyJa BHIpaxaeT HEeBKJIWAOBY AJAUHY AYTH depes
BEKTOP ¥, paccmatpuBaemblii B M,.
Us ¢. (10.14;) creayer, 4TO

dv = — cdx,
HJIH .
dv® = c’dx’. (10.29)

Ho, cornacuo (10.5),
dx® = de?, (10.30)

rae de — yroad Mmexay aByMs OeCKoHeYHO OJU3KHUMU
KpyraMH MOCJA€A0BATEJbHOCTH, HJAH YyTroJ MexAay Kaca-
TeJIbHBIMH B O€CKOHEYHO OJIM3KMX TOUKAax KPHBOH rumnep-
6o/MHuecKkoi mJ0oCKocTH. M3 (1028) (10.29) u (10.30)
HMeeM:

ds*= c*de?, (10.31)
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Hiay C TOUHOCTHLIO A0 3HAKA

C =

S
— = 10.32
it O (10.32)
T. €. apaMeTp ¢ COBMAAaeT C paHYCOM KDUBHU3HHI KpH-
BOit runepOoJsuueckoit nJaockoctTn. MuBapuaut

1 de dp ~

g=—c-;;=d—s=g. (10.53)

AHanoruuHele pe3yabTaTH MnoJayuaioorca H npud b <0,
TOJBKO KpPyr B OyneT MHHMBIM.
B cnyuyae eBxkJAuZOBOH reomerpuu, T. e. Korma b =0,

obpaiaercs B HYJb ¢ HWJH c. [lycTb, Hanmpuwmep, c=0.
Toraa u3 (10.14,) caeayer, uto @ = const, a u3 (10.25)
u(10.24),yTo1=0u k = 30, T. €. KPYyr R coBmaaaer ¢ Tou-

Kot ©¥. MOXHO nOkKas3aTh, YTO BHBOJAB O AJHHE AYTH
¥ pajHyce KPHBHU3HBI KPHBOH B 3TOM CJydyae aHaJOTHYHBI
cooTBeTcTBylOIUM BhBoaaMm (10.28) u (10.32), (10.33)
B CJyuae TUnepOoJHYeCKOH reOMeTpPHUH:

‘ 1\ 2 o d
dv?—_-dsg, (32:<‘—S-> ::92’ g:-g.
de ds

§ 11. Teopuss KpuBbHIX B KOHDOPMHON NIAOCKOCTH

B npennaymeM naparpade 6bia paCCMOTPEHA TeOPHs
noc/aeA0BaTeNbHOCTEH Kpyros. B o6mem cayyae ¢ mo-
C/1e10BATENbHOCTbIO CBA3BIBAJHCDH “JBe Orubamolue KpH-
Bue. Teopus Kpugoix 8 KOHPOPMHOL naocKocmu cmpo-
umcs HQ OCHo8e meopuu nocAedosamenbHOCMell Kpyz08:
KQAxcoass Kpusas paccmampusaemcss Kax ozubanu,as He-
Komopoii onpedesernoil NnOCAe008amesbHOCMUL KDPY208.
Kazasocp Obl CcaMbIM €CTECTBEHHBHIM B KauyeCTBE TAaKOH
MOCJEX0BATEAbHOCTH B3Th MOCJAEL0BAaTEJIbHOCTb COMPH-
Kacawmuxca Kpyros kpuBoi. Ho 310 OKasmBaercs He-
yAOOHHM, TaK K4aK y TakKOH MOCJeA0BATEJbHOCTH, Kak
OB/IO 1IOKa3aHo paHee, 0o6e BeTBH orubaolied coBsna-
J1aoT, ¥ K HeH Heab3d B NOJHOH Mepe NPHMEHHTh Teo-
PHIO TOCJEJ0BaTENLHOCTEH KPYroB C AByMsl OTrHGaiouiy-
MH, PasBHUTYIO B mpeablnylleM naparpade.
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[Tostomy cBsixkeM C [JaHHOH mOCJA€10BaTEIbHOCTHIO
KPyroB elle 1Ba Kpyra-—TIJaBHble KPYrH OrH6aloLiux

v(3) u v(3).
[IpexBaputennHo BBejgeM ClelHaJbHOE HOpMHpOBaHHe
AJsl TOUeKk orubawuleii, MoJOKHB

v — ‘/ (000 2)| g (11.1)
(@2).;

rie (VYo Y) — onpeneantens 4-ro mopsiaika, COCTaB/eH-
HBIH W3 KOOP/MHAT BXOJSMIIUX B HEro BeKTOpOB. BBenen-
HO€ HOPMHpDOBAHWE HE 3aBUCHT HH OT NapaMeTpH3aluH
KPHBOH ¥, HH OT NEPBOHAYAJBLHOTO HOPMHPOBAHHSA V.
[Tpu nameHenun mapamerpa ¢ Ha u = u(f) umMeeM:

V=217,
v, = ‘z},,zif
:vft uuu t + A‘vll
Vg = ‘vuuuu't + B‘vuu + C‘vu )
rre A, B, C —Hexoropsle ko3dppuuuentel. OTCIO1a Clle-
AyeT, 4TO

(”‘vt‘vtt‘vttt) = (‘U‘U Vo uuu) w
(v ) = (v3)’ ut
v

T. €. ¥ ocraercsa 0e3 H3MEHeHHUs.

[Ipy u3amMeHeHun nepsonaqanbuoro HOPMHPOBAHHUS
HMeeM:

=L
=10 4+ AV
=M 4+ By 4+ Cv

9=\ 4+ DV + Ev" + Fo',

rne A, B, C, D, E, F— uekorTopue KO3(pbunuentsl. O1-
cloaa caejayer, 4To

(v090) =) (v 0" 0" 0"),
(9)° =3° (v*%)°



H, CJen0BaTeNnbHO,
% ;

V=9,

[Toap3dysce mpousBojoM BbI6Opa mapameTtpa, Oynem
CYUTaTb, 4TO ¥ =v(s). Torna

v | (00’0"0™) |
V= 5 . 11.2
(0" ) ( )

Haiinem o/, ", 9", noassyscor dpopmyaamu (10.14):
v =—cz,
v =cx —¢'z— ccv — c’v,

v” =2¢"x + (2¢% + ¢ — ¢") 2~ (2ec’ + cc’) v — 3ec’v.
Torna

(v0'0"0") = 3¢%c’ (V:x0) + 2c%¢’ (V2Vx) =

= — c°c’ (x200),

2
()3 =c",

rae (x:wv) — onpeaenHireab W3 KOOPAMHAT BEPUIHH KOOP-
audHatHoro tetrpasapa. OH paBen 1. CaexoBaTenbHo,

o=VTal ~. (11.3)

B rawecmse enasHeix kpyzo8 ozubaruweir v(S) 803bmem
Kpyeu

HJIH

V
§=3) 1+ P,

20e Yy — COnpuKacCamUUilcs Kpyez, 638mblii 8 KAHOHuYe-
cxom nopmuposarun. CoraacHo (10.20) u (11.3),
. —_—®
st=y+o=x+ 0+ VighT
— v - ? 11.
s =y—-'v=x+(1——l/|g;)7- (11.4)
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[JiaBHble KPYTH BXOAAT B COCTAB Ilyuka, KOTOPOMY
IpUHALIexaT KPyrH ¥ U ¥. 3T0 napaboauuecKuit ny4yok
KPyroB, KacaTe/abHHX K U () B Touke ©. CjenoBaTeabHo,
rAaBHbie KPYTH §T M §~ KacamoTCa KPUBOH .

M3 ¢dopmyasl (6.2) caenyer, UTO KPYrH §™ H §~ CHUM-
METPUUYHBI 110 OTHOLWIEHHIO K CONPHUKACAIOLEMYCS KPYTy Y.
JefcTBUTENbHO:

§T=—8 +2y.

KKpome rtoro (s y) = (yy), 1. e. %,%))- = 1. Takum o6pa-

30M, MO2XKHO 3aIHUCAaThb:

- — o8y
§ =—8§ 20—y
R I
a 3TO U eCThb yCJOBHE, 4TO § U — 8§ (WM BCe PaBHO
+ §7) HaxomATCA B HHBEPCHH, HIH CHMMETPHUYHBI OTHO-
CUTEJbHO Y.

U3 dopmyan (11.4) caepyeT, 4TO noc.aedosaniess-
HOCMbe Kpy208 X cognadaem. € NOCAe008AMEALHOCTbIO

2AQBHBLX KDY208 S coell ozubanuweid v, ecan V |g| = 1,
T. e. ecim g¢= £+ 1. B sTom cayuae cama mnocienoBa-

T@JbHOCTL HA3BIBAETCA TJABHOI. a’c=]/x2dt Oynet
B 3TOM cJayudae yrioM Mexay OeCKOHEeYHO OJHU3KHUMHU
IVMIABHBIMH KPYTaMH.

Beakasa xpusas ¢ Kougopmuoi naockocmu 00bL4HO
U paccmampusaemcs Kak o0:ubaru,as c8oux 2AQBHLLX
Kpyeos. JuddepennuanbHasgs reomMeTpus KpuBOH COBIaA-
1aeT C uddepeHuHanTbHOi reomeTpHell ee rmaBHO# 1no-
caegoBaTebHOCTH. Jepusayuornsie @opmyas (10.14)
NOAHOCMbI) CNPABEOAUSb. 1L 8 IMOM CAyLae, MOAbKO
[gl=1, 4, caenoBaTelbHO, KpHUBAsg XapakTepu3yeTCs

3a/JaHHeM OJAHOH 3aBHCHMOCTHU b == , TJ1e @ — yroJa

sin? 2
2

MEXJYy CONPHKACAWIMMCH KPYyroMm JaHHOH KPHUBOH B JAaH-
HOH TOYKE M CONPHKACAIOMMMCA KPYyrom BTOpOil orundalo-
el mocje0BaTEJAbHOCTH TIJIABHLIX KPYFOB B COOTBET-
CTBYIOLEH TOYKeE.
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2. MuBapunanty ¢ rmaBHoil nocae0B8aTeAbHOCTH MOXKHO
npuaaTh U Apyro# BuA. B caywae raaeuoii mocsaenosa-
tTeJdpHOoCTH M3 (11.3) caeayer, uTo

?
V= T
OTclona
\/’ . o’ <L ’
-+ . ) ,
HJIH
V/ 2 ‘0'2
(V) = —
Ho ns (10.14) umeem: @ = — cx’, uau (’.’_> o
c
("),)2 == (.x,);2 S
C apyro#t cTopotisl,
9 v 2
1 b
HJIH
v 2 2 2
@ — @ P (LY = (LY (11.5)

v
M3BecTHO, YTO © He 3aBUCHT OT NepPBOHAYAJBHOTO HOP-

MHpOBaHUA ©. Il03TOMYy MOXKHO NpPEANOJOXKUTb, YTO
lIepBOHAYa/Mb110€ HOPMHUPOBAHHE YiKe yn0BAETBOPsAET ¢op-
myae (11.1), 1. e.

vV .
(v2209) (0o v99) |
(\é:).; ("02)'=
Torpa
ViV VY
(V) == .d_°)“___('°‘0‘0‘0) (09 90)
dt (;02)2

Taxum odpa3sou,

G=J ]/“”".‘”’)' dt (11.6)
(%) |
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sLasemcsa uHeapuanmonm. Imom unsapuanm sgeden [lu-
Kom u Jlubmanom. OH He 3aBUCUT OT NOC/eHOBATENb-
HOCTH KpPYTOB, a 3aBHCHT TOJNbKO OT Orubaiouei KpHBOIL.

[Tapamerp Ilnka u Jlu6mMana umeeT npocTOH MeETpH-
yeckHH cMBCA. OH BhIpa¥aeTcs yepe3 IJAHHY JIYTH S H
KPUBH3HY % MJIOCKO# KpuBO# v = v (f):

"jV dk ds dt |4, crp. 181]. (11.7)

PacnuceiBast (11.6) u (11.7) B J€KApPTOBLIX KOOPAHHATAX
:, n (noansysick ¢opmyaamu (3.15)), MOKHO Hemocpen-
CTBEHHO yO€mHTbCH, 4TO

do? = 122201 e g gs. (11.7)
- (@2)2 .
3. PaccmoTpuM Kpyr p, KOTODPHIH NPOXOAMT uepes

TOYKH ¥, ¥ NOJX yIJOM @ K KpUBOH ¥, WIH HHaye roBOp1,

noJ YrJaoMm & K Kpyry coBOKynHocTH x. IlpeamoJsaraem,

YTO P M X 3aJaHbl B KAHOHHYECKOM HOPMHPOBAHHH.
Jas kpyra p umeroT MeCTo POPMYJIH

pv=p';=0, pp=1, px=cosa, px’ =sina,
Torna
p=cosax-+ sinax’. (11.8)

bynem paccmatpusate KpoMme p euie 1Ba 6€CKOHEYHO

OJHM3KMX Kpyra, NPOXONAILIUX Yepe3 ¥ U NepeceKarolunx
KPUBYIO @ 1nOjx TeM xe yraoM 2« PaccmoTpuMm, Koraa
3TH TpUH Kpyra o0pasyioT Iy4OK. YciaoBue AJs8 3TOro

38BUCHT TOJbKO OT TOYKH ¥ M KPHUBOH ©, HO HE 3aBU-
CHT OT COBOKYNHOCTH KpPyroB. MHB MOXeM NO3TOMY
NMPEeANOJOXHTh TaKyld COBOKYNHOCTb KpPYroB, UYTO BCe
KPyrH NPOXOJAAT 4yepe3 OJHY TOUYKY MU OrHMOAOTCH KpH-
Boit v. JlepuBaunounsie ¢opmyan (10.14) umewT aas
3TOrO CJayuast BHI:

x =2z,
2/ =—x+cuo,
v = —cz,

v =0
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Judpdepenunpyem (11.8) no ¢ u moayvaem:

= — sin 2x + cosax’ -+ ¢ sinap,

4

P
p’ = —cosax —sinax’' + [c cosz + ¢’sina]v.

Jlas caydas myyka JOJIKHA CYIUeCTBOBATb JHHEHHAs
34BHCUMOCTb MeXAay p, p’, p’, T. €. 10MXKHO HMETh
MECTO COOTHOUIEHHe

p// J— Ap + Bp,.
Ho p'p’=1=—pp” n p'p"=0. Tlostomy B=0 u
A= — 1. CuenoBaTenbHO, B Haumem CJayyae JOJXKHO
OBbITh .
pll — __p
HJId
— cosax — sinax’ + (ccosa + ¢ sina)v =
= — cOs ax — sin ax’,
OTKY /13

ccosa+ ¢ sina=0,
HJIH

Y g=—ctga. (11.9)

c
Takum o6pasom, mpu Kpyza, 8bLxo0suue u3 O0HOIL mMou-
Ku U u nepecexarnuue Kpusyr v (s) nod mem iHe cambim
yeaom o, o0pasyrm nywoK, ecau Y0a % C853aH Popmy-

a0t (11.9) ¢ unsapuanmom g cneyuarvHoil co8OKYRHOCTLUL
KDy208.

- .
Ecau a=-—", T0 g=— 1, u u3 dpopmy.ist (10.28) cae-
1yeT, 4TO X COBHAJAeT C OJHUM M3 IJIABHBIX KPYros §.

CnenoBaTte/bHO, B 3TOM CJAydae o JEXHT Ha OXHOM U3
rJ1aBHBIX KPyroB. Bropas BepuiMHa nyuyka DPaBHO3HAYHA
c-nepBo#i. [loaTomy oHa noOMKHA JexkaTb HA BTOPOM
rJ1aBHOM Kpyre,

Cae10BaTeAbHO, ecAu Kpusasi sABASEMCS U3020HAAY-

HOil mpaexmopueil nY4Ka KpY208 ¢ Yy2A0M o =—?43-, mo gep-
ULLLHbL 3MOZ0 NYYKA AEHCAM HA ZAQBHBLX KPY2aX Kpusoi.
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[Tpu OpOH3BOIBHOM Yyrie @ ¥ SBJ9ETCS H30I'0HAaJDb-
HOH TPAeKTOPHEH myykKa, €CJu X COBIEJAeT C ONHHM U3
KPYroB:

S—V e e
w =y+ Vigdo=x+(1+V Itgag!)":*

(11.10)
HJiHu

Y —_——0
w =y—Vi]galo=x4(1—Viigag]) —.

BepumiuHbl myuka JexaT Ha 3THX Kpyrax.

Dynem paccmaTpuBaTh KpUBYK ¥ = v(9) Kak orubamwo-
U(yI0 TOCJeJ0BaTeNbHOCTH KPYyroB ¢ g=1. [loayyum
yCJOBHE, YTO 3Ta KPHUBAA ABJAAETCA U30TOHANbHOH Tpaex-
TOpHeil HEKOTOPOro nydyka Kpyros. DBepiuHsl nyuka
JeKaT HA KPYyrax w" U WT: 01Ha — B TOYKe IMepeceye-
HUA KpyroB w*, npyras — Kpyrop w-. OnpenenuM, B
KaKOM cJayuae BCe KPYrH MOCJAeN0BaTeNbHOCTH W™ nepe-
CeKalTCAd B OTHOH TOUKe.

B nyukre 5 § 10 Gbli0 MOKAa3aHO, YTO KPYrH X NpoO-
XONAT 4Yepe3 OAHY TOuky, ecau b=0. U3z dopmyn
(10.14) cneayeT, 4TO

xX'x"=2'2"=1+ 2¢cc.

Otciona ycaoBue b= — 2cc =0 3auucelBaeTCsi B BHUC
l_xll /4 O

Ecan nepefiTu oT mapamerpa ¢ k obuiemy napamerpy ¢
TO 3TO YCJ0BUE 3aMMIUETCS B BHUIE

(x %) (xx) — (xx)°— (xx)> = 0. (11.11)

[TpuMeHUM 3TO yCJI0BHE K COBOKYNHOCTH W ", Korna g = 1.
Judpdepeuuupysa (11.10), nmeem:

wt'=—VTiga«’ — (1 + v Tiga]) —,
=+ VTtgalx + (1 +Vtga|x
[ +V g (1 +~—)J~+ L VTtgq

K-85.-- 0 81
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OTKyIa
(wt'wt’) = |tga|= const.
dopmyaa (11.11) 3auumeTcs B BUAe
(w+llw+ll) . (w+/w+r)2 — 0’
UJIH, 1ocJae NOACTaHOBKM wt u wt”, B BUIe

tga + bltgal =1, (11.12)
OTKY 18
itgap=-%«—-b+-Vb2+~® (11.13)

(aHaJOrH4HOE yCJAOBHE IOJYy4YaeTCsH I/ KPHBOH W7).
Tak cBfA3aH napameTp & COBOKYNHOCTH TIVIABHBIX KpPYTOB
C yraoM a. DTOT YyroJa MOCTOSIHHBIH, €CJAH MNOCTOSIHHO b.

4. Ilpumenss pesyabTaThl HOpeAabIAyLEro mnaparpaga,
pacCMOTPHM OAHH HPUMEP KPUBOH B KOH(POPMHOH mJO-
CKOCTH. .

TlycTh Kpyrn x sIBASIIOTCA IJIABHBIMH KpPyraMu oo6eux
Oru6amiux, T. €. HMEIT MecTo paBeHcTBa |g|=1 n

| g !=1. PaccmoTpum cayuaii, Korgja g u g UMEKT pas-
Hpte 3Haku. Torna |

g+ g&=0,

u u3 dopmya (10.18) caenyert, uto b’ = 0, uau b = const.
Torna yroa a, onpenensiembit popmy.ofi (11.13), moctostu-
Hell. Y paBHenue (11.12) ToXAECTBEHHO BHIMOJHACTCA M/
BCE€X KPyroB COBOKYMHOCTH, T. €. 3TH KPyrH 00pasyioT
Ny4oK. Kpusas seAsiemcss 13020HAAbHOIL mpaeKmopuei
RY4KQ Kpy208, m. €. AOKCOOPOMOLL.

~

Tak xak B paccmaTpuBaeMOM CJyyae TOYKH U U U HI-
paioT OAMHAKOBYIO POJb, TO W KPHUBAs U TakKe \ABJAETCSH

JOKCOAPOMO#. ¥YTIiBl @, MOJ KOTOPHIMH KPHBHIE ¥ H U He-
pPeCceKaioT NY4OK, OTCUMTHIBAIOTCS B HPOTHBOMOJOXKHBIX
HampaBJCHUSX. .

Taxkum o06pasoM, uMeeT MeCTO MNpelN0XKEHHE: ecau
Kpyeu COBOKYNHOCMU  SBASLIOMCA  2AABHHMU  Kpyamu
obeux ozubawuyux, mo 3mu Kpussle He00X00UMO SEASIOM -
CST AOKCOOPOMAMU PABHBLX Y2108 Nepecederus.
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Ecan nepesecTu onHy u3 GUKCHPOBAHHBIX TOYEK JIOK-
COAPOMHBl B O€CKOHEYHOCTh, TO NOJYYHUM H30TOHAJbHYIO
TPAE€KTOPHUIO NYUYKA NPAMBIX — JOTapuPMUUIeCKyIo CHupasb,
KOTOpasg B eBKJMAOBOH TE€OMETPHUH XapaKTepHayeTcHd

d .
ypPaBHEHHEM 71—"—=const. [Ipy 3TOM raaBHBIE KPYyrH CO-
A)

BOKVIIHOCTH coiananalo'r, C KdcaTeJbHbBIMH  ITpAMbBIMH.
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Jlokcodpoma, maxum 06pason, KOKPOPMHO IKEUBALEHMHA
A02apuMuteckol. cnupail.

Y paBHeHHEe JT€HCTBHTEJNbHOH JOKCOAPOMH MpPH NOJX-
X0f1eM BHOOpPE YeThlpex KPYroBolX KOOPAMHAT BCeraa
MOXHO NpPEeNCTaBUThL B (opme

X,=cht Xy = COS 2¢

X, == sh 3¢ X3 = sin af,

rage @ U $ NOCTOsIHHBIE, @ { — MapaMeTp KPHBOM.

§ 12. KondopMmHas reoMeTpuss B NPOCTPAHCTBE

1. B npenmayuux naparpadax paccMaTpHBaJach MJo-
ckaa koHdopmHas reomerpusa. Ilepenecem psan nousiTui
9TOH reoMeTPHH HA TPEeXMEpHOe MNPOCTPAHCTBO.

HasoBeM KOH(pOPMHHIM MNPOCTPAHCTBOM OOBIYHOE eB-
KJAUAO0BO MNPOCTPAHCTBO, AONOJHEHHOE O HOH HeCOOCTBeH-
Hoil Touko#. OCHOBHBHIMH TreOMeTpUYECKHMH 0O6pa3aMu B
3TOM HpOCTpaHcTBe O6YAYT TOUYKu U coepo. [l1ockocTs
MpeACTaBAdE€T YaCTHHA Caydail chepsl, a UMEHHO cpepy,
NPOXOAALLYI0 yepe3 HeCcOOCTBeHHYIO TOuKy. ['oBOpsa B
paapHeliieM 0 cepax B paclIHPeHHOM CMBIC/AE CJOBA,
6ynem CYHTaThb, YTO B COBOKYNHOCTb c(ep BXOIAT U
nmaockocTd. Kpyr B mpoCTpaHCTBE — 3TO JIMHHA I[epece-
yeHus ABYX Cdep; npaMas — Kpyr, NPOXOAsulHil depes
HEeCOOCTBEHHYI0 TOuKYy. B HeKOTOPHIX caAyuasgx TOUKY
TOXe MOXHO paccmMaTpuBaTh Kak chepy, umenso cdhepy
HYJ/IEBOTO pazxuyca.

Tak xe K&K JJd H3J0XKeHUss KOHMOPMHOH reomerpuu
IMOCKOCTH YAOOHHIMH  OKAa3aJduCh TeTPanHKJIAHYEeCKHe
KOOPAHHATH, TAK 8 KOHPOPMHOL 2eomempui npocmpar-
cmea yO0oOOKO geecmu MAK Ha3s.eaemble nexmacpepure-
CKue Koopouxnamel.

IMycts &, 7, L — KexapTOBH NPAMOYTOJbHBIE KOOPJH-
HaTHl TOYKH B NPOCTPAHCTBE. YpaBHeHHe chepsl B HHX,
KaK H3BECTHO, OyjxeT

(5“50)2‘]‘ (71_“’10)2 + (€ — :0)2—R?=0’ (12.1)

rae g, (&, My Go) — meHTp cheps u R — paauyc.
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Bocnoar3oBaBwuchy auadaoruedt ¢ dopmyaamu (3.18),
nenmacgpepuieckie Koopouramsl ciepbl 88edem ¢ noOMo-
Wolo opmyL

f g MR 1+ Gt G RY
A0 T -

2 2
T R YT i
V= 5 = 5
Yo = o,
)’3=°'go (12.2)
Vi = 9

rie ¢ — IPOU3BOJBHEIA MHOXHUTE/b.

DTH KOOPAHHATH OfHOpOAHHE. Ecam 3agana coepa,
TO OHH ONpeNeJsiIoTCA C TOUHOCTBIO a0 0O0lero Mmuo-
xureas. O6paTHo, ecan 33aAaHb neHrachepuueckue Ko-
OPAHHATHl C(ephl, TO OAHO3HAYHO ONPERE/ATCA LEHTP
u paguyc coepsor:

fom —M g = 2 = 12.3
0 Yo+ W o Yo+ W1 0 Yo+ 0N ( )

R Yo Vit vt S
(Yo + 31)?

[ToacraBasia 3TH BhHIpaXkeHusds B ypaBHeHue cdepsl
(12.1), noayyuM 3TO ypaBHeHHE B BHJIE

(Yo + ¥1) €+ 9° + ) — 29k —2y,n —
—2y4c+y0"— vl =O. (12.4)

- Cdepa BHpoxnaercs B NJIOCKOCTb, eCJqH y,+ y; =0.
B arom cayuae y,, y,;, ¥, COBNaNalT C OOBIYHBIMH KOOD-
AMHATAMH HOPMAaJbHOrO0 BeKTOPa MJIOCKOCTH.

UToObl BBECTH NeHTac(peprueCcKue KOOPAUHATH TOUKH:
Xgs X1, Xy X3, X4, — PACCMOTPHUM TOUKY Kak cepy Hy.se-
soro paauyca. Coraacuo (12.2), newmacgepuurecxue
KOOPOLHAMbL BbLPANCAIOMC ST Hepe3 0eKapmosbl KOOPOURamet
5, L no gopmyran:

S E Y BN Y GEE )
2 2
—p2 —_ r3
x,=cl PP 1@+
2 2
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x2 :OE (12.5)
X3 = 97 '

X, =al,

[Tenracdepuueckue KOOPAUHATHL TOUKH HE TOJBKO
OMHOPOJIHB HO W YAOBJAETBOPAIOT COOTHOIIEHHIO

— X+ X+ X X5+ X =0, (12.6)

kak 310 caeayet us (12.3) npu R =

Has yno6cTBa TepMHUHOJOTUH 6yneM CYHTATh, UTO
Kaxao# chepe WIH TOYKe B HPOCTPAHCTBE CTABUTCA B
COOTBETCTBHE IICEBJOBEKTOP ¥ WJIH X IATHMEPHOTO MPO-
CTPaHCTBA, KOOPAHHATH KOTOPOTrO COBMAfal0FT C IMEHTa-
ChepHUECKHUMH KOOpAHHATAMH Chepbl HJAH TOUKH COOT-
BETCTBEHHO, T. €." ICeBAOBEKTOP y(yo, Vi, Voo V3» Vg) HJH
X (Ko, Ky Koy X3y Xy). :

[TesTachepuueckue KOOPAMHATH chepbl U TOYKH KOH-
(bopmloro NpocTpaHcTBa OBVIM BBeNEeHbl 'C MOMOIILBIO
dopmya (12.2) u (12.5) no auasoruu C TeTpanUK/JIHYe-
CKHMHU KOOPAMHATAMHU Kpyra U TOYKH B A KOHPOPMHOI
NJOCKOCTH. MoxHO Obii0 OB BBECTH HUX, MOJAb3YSACH
crepeorpaduuyeckoél mpoeknueld, KaKk 3TO AeJaJ0Ch JJs
nm10ckOod reomerpun B §° 3. Oanako crepeorpadpuueckas
NPOEKUHs B PaCCMaTpUBAEMOM CJyyae BHIBOAMT B 4-X
MepHO€ NMPOCTPAaHCTBO, U3JOXEHHE TepsieT HATASAHOCTb,
1 Bee PaBHO B KOHEUYHOM CueTe IIPHXOXUTCA MOJb30-
BATHCS' aHAJOTHEH.

2. I'pynna npeobpa3osaruii KOHGOPMHKOL NPOCMPAH-
CMBEHHOL 2e0Mempun COCMOUM U3 MAKUX AUHELHbLX
OOHOPOOHBLX Nnpeobpa308aHuil nexmacPeputeckux xoop-
ounam

x,_E D X i—0, 1,2 3, 4, FHE X (12.7)

_ - k=0
xomopbt‘e ocmasagom UHBAPUAHMHOLM YPABHEHUE

—xt X F S+ A xE=0. (12.8)

M3 sToro onpenenenus cpasy ciaeayeT, YTO NPH KOH-
(GOpMHHX npeoOpa3soBAHUAX TOUKH NEPEXOAAT B TOUKH,
cpepn — B cdepnl (chepn MOHUMAOTCA B 00OGLIEHHOM
cMpIcae), T. €. KOHpopMHHE NMpeo6pa3oBaHUA NPOCTpPaH-
CTBa ABJAITCA CPepHyeCKUMH npeoOpasoBaHHIMH.
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[pynma cdepuueckux mnpeoO6pasoBaHuil 3aBHCHT OT
10 mapameTpoB. [efictBuTenbHO, Bcero B popmyae (12.7)
25 xos¢ppunnenrtos. Ycaosue (12.8), B cuiy oxuopon-
HOCTH meHTachepHUueCKHX KOODAMHAT, MOKHO 3alUCATh
B BH e

*) 9 ») *) )

— X0+ X1+ XX+ Xy =
) 2 2 9 )
— Xy + X1+ X2 + X3+ X,

Ecau noxctaButh x; no opmyaam (12.7), To moayunt-

s 15 yea0BHil, KOTOPHE HAKJAAAHBAIOTCA HA KOIDdUIHe HTHI
*

pi . Tloaaras

o

ey =—pip] + pip; + pipj+ pip;+ pipj,
3anuueM 3TH 15 yc/aoBuil B BHAE
— €y =€ = €y = €33= €y =1,
e,; =0 npu i+ j.

Takum 06pa3oM, NeHCTBHTEJbHO HE3aBUCUMBIMH B ¢op-
myJe (12.7) ocrarorca 10 xoabpdunueHToB, T. €. rpynna
cheprueckux npeo6pa3oBanHuiél 10-useHHas.

Cohepuueckue npeo6pa3oBaHus ABJAAIOTCA KOH(DOPM-
HBIMH NMpeoOpa3oBaHUAMH, NPHUYEM B TPEXMEPHOM €BKJHU-
AOBOM NPOCTPaHCTBe ApPYyrux Koudopmubmix npeobpaso-
BaHUH HeT. DTO BHepBHE OBWIO JA0Ka3aHO JIMyBuJJIEM.

Auanorom cgepudeckux npeoOpasoOBaHUl NMPOCTPAH-
CTBA SABJSAIOTCS KPYyroBble Npeo6pasoBaHus [IOCKOCTH.
B § 8 6b10 oTMeueHO, 4TO KPyroBele npeoOpasOBaHus
Ha NJOCKOCTH He HCYEpNBIBAIOT BCE€X KOHGMOPMHBIX Ipe-
o06pa3oBaHuil MJAOCKOCTH. ITO CYUIECTBEHHO OT/IHYAET
KpyroBuie npeo06pasoBaHua MJIOCKOCTH OT ccpepuqecxmx
npeo6pa3oBaHUil IPOCTPAHCTBA.

I"lpeoépaaoaammmn THOA KOH(POPMHBIX npeoGpasona-
HMHA B mpocCTpaHCTBe BnepBbie 3auuMajicad Kaan.. 3atem
3Ty rpynny npeo6pa3oBanuii paccmatpubaa Jlopenn (1907).

JlopeHnoBel npeo6pa3oBauua ompeneasioTCa Kak Ju-
HERHBIE OXHOPOIHBIE NMPeOoOPa3OBaHUS NATH HEePEMEHHBIX

4 .
=¥ pix; i=0,1,92 3 4|p/] +0,
k=0
npn KOTOprX COXpaHﬂeTCﬂ HHBapHaHTHbIM ypaBHeHue
2 2 2 2 2
— Xy + X1+ x5 4+ x3 4+ x3=0.
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ComocTaBasia 3TO ONpeieseHHe C olpefe]eHHeM KOH-
dopMHBIX Npe06pa3oBaHuil, 3aka04aeM, UYTO KOHPOPpM-
Hble, uau cgepurecKue, npeobpa308aAHUsL MPeXMEPHOZO
e8KAU006 npocmpancmea obpasyicm 10-waewny 0 2pynny,
AHAAUMUHECKOE BbLPANCEHUE KOmOpol 8 nenmacdepuuec-
Kux Koopounamax co8nadaem ¢ QaHAAUMUYLECKUM BbLPA-
HCEHUEM 2PYNNGL  AOPEHYO08OLX npeobpa308aruii nsamu
nepemMerHbLX. _

MaTpuna JiopeHnOBHX npeo6pa3oBauuit || p/ || nepe-
XOJHT B OPTOTOHAJAbHYIO, €CJAU B Heil NepBYI BEpTHKAJb
M HepBYI0 TOpPH30HTaNb OJHOBPEMEHHO YMHOXHUTbH Ha
i=v—T.

3. CymecTBeHHOH B onpeneseHUH KOH(POPMHHIX Iipe-
o6pasoBaHuii MPOCTpPAHCTBA  fABASIETCS KBaAPATHYHAs

dhopma
2 2 2 2 2
— Xo + X1 + X5 + X3+ X7
Ha3oBeMm ee 3nHaueHHue nOASAPHHLM KB8AOPAMOM BEKMOPAQ

X (Xg, Xy, X9, X3, X,) W Oynem o6Go3uauath (xx), T. e.
TOJI0XKHUM

(xx) = — X + x} + x5 + x5+ x5. (12.9)

s (12.5) u (12.2) CJeAyeT, HTO A  TOUKH (xx) =
18 chepsl (xx) = 2R > 0.

KBapparuunoit popme (12.9) coorBercTByer GuIHHEi-
Has ¢opMa ABYX Cepuii MEpeMEeHHHX J, U 2; KOTOpYIO
Mbl OyJ€M HAa3blBaTh IMOJISIPHBIM NTPOU3BEJLEHHEM BEKTODPOB
y u 2 H 0003HayuM ( y2):

(}’z)——“‘,\’ozo + V121 F Vo2e + V323 (12.10)

CpaxeM NOJAspHOe TMpoOU3BeAEHHE [BYX BEKTOpPOB
C yrioM Mexnay cepamu, COOTBETCTBVIOIIHMH 3THM BeK-
TOpaM.

[TycTep BekTOpHl ¥ M 2 SBJSIOTCA BEKTOPAMH JABYX

chep ¢ mentpamu py (8, M. &), po (e My Cy) M panuycamu
R, u R, coorBerctBeHno. Torpa, coraacuo (12.2),

(y2) = — [, — 0’ — R} — RI]
Ho
(pi— po)’= b;0§ = R} + R} — 2R,R, cos ¥,
rpe 9 — yroa mexnay coepamu.
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OTcioa caeayer, 4To ,
(y2) = *R\R,cos . -
[Tonctasnsa u3 (12.2)

Ry =V(3y). R, =V (22),

qy

/

)

noJay4aem

cos b = ﬁz) ~ . (12.11)
V() V(z2)

drta popmyaa aHanoruyHa ¢opmyae (4.2). Oua mnoxasn-
BaeT, KaK y20n Mexucoy O08yMa cgepamu BbLpaAcaemcs
qepe3 gexmopsl Y u 2, COOMeenmcmey e Imum cpoepar.
Yroa Mexpay cdepamH fBJASETCS HHBAPUAHTOM. 3THX
cep MO OTHOILNEHHIO K KOHQPOPMHBIM INpe0o6pa3oBaAHUAM.
CanenoBaTe/ibHO, HHBAPHAHTOM SIBASETCS U BHIpAXKEHHE

_ _(y2y
(yy) (22)
(cMm. (2.17)).
U3 dopmyaw (12.11) caeayer, 4T0 ycaosuem opmo-
2oHaAbHOCMU 08yX cghep Oyoem pageHcmeo HYAK no-
ASAPHOO NPOU3BEIEHUST BEKMOPOS, UM COOMBEMCMEY -

wux, T. e.
(y2)=0.
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[lycts Temeps y saBasetrca chepoir, a X — TOUKOH.
[TonctaBuM B Oununedinyio ¢opmy ( yx) BeIpaKeHUs HeH-
tTachepuueCKUX KOOpAUHAT cdepsl uyepe3 AEKAPTOBH U3
(12.2). Tloayuunm:

(y%) == (9o +y) €+ 7" + ) — 20 — 2yg1 —

— 298+ Yo — i) (12.12)
CpaBHHBASA 3TO .Bmpax{elme c (12.4), 3akaiouaem, 4TO
Pagencmao
(yx)=0

Ko20a y chepa, a x — moika, npedcmasasem ycaosue,
4mo mouka x aexcum Ha cgpepe Y.
Ecau x — nepemeHHas TOdYka, TO

(yx)=
JaeT ypaBHeHnue cdepsl, COOTBETCTBYWOIEH BEKTOPY ¥,
B TOYEUYHBIX KOOpAMHATaX. IJTO Ke ypaBHeHue Oyaer
ypaBHeHHEM MJIOCKOCTH, ecau y, + ¥, =0.
[Iycth X U y — n1Be TOYKM.
Jlast 08yx motex pasencmso

(xy) =
BO3MONCHO MOALKO 8 MOM CAYHAe, KO20Q4 MOUKW X U Y
cosnadaom. JlekCcTBHTEABHO: TOACTaBAsA B (Xy) meHTa-
cpepuueCKkye KOOPAMUHATH ~ TOUEK uyepe3 JAeKapTOBH
Gy M- %) 1 (8 My, &) mo popmynam (12.5), 3akaouaem, uTo

() =pl¢Gi =&+ (=) +E — C)*l, - (12.13)
rjie p — HEKOTOPHIH MHOXHTEJb. |

4. PaccmoTpuM auHeliusle MHOroo6pasus cdep.
Ecan naubl nBe chepel y u 2, T0 (hopMmy.aa

w=ay 4 f2 (12.14)
laeT pasJoxeHue BekTopa chepnl w no BeKTOpaMm cdep
Y M 2, WIH ONPOCTO pa3noxeHue cdepnl wW 00 chepam

~ 3

Yy u 2. Mensasa OTHOweHWe —, [OJyuyaeM pasjudyHbIEe
a .

chepnt w. Co8okynHoCcmb 8Cex cep, onpedesennslx pa-
sencmeon (12.14) nasvieaemcs nyurwom cgep. 10 OQHO-
napaMeTpuyeckoe JuHefiHoe MHoroo6pasue cep.

IMaockocTh, BXOaAmass B COCTAB nydka cdep, HA3H-
BaeTCd PaAHKAJbHOA IJIOCKOCTHIO.
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[Tyuox chep moxer conepxatb u cdephl Hy.IIeBOI‘O
panuyca, T. e. Touku. laa Touex

(ww) = a* (yy) + 208 (y2) + 3 (22) =0
2
a
pasiu4Hbie C/yyau KOpPHEH B 3aBUCHMOCTH OT 3HAUEHMS

= (y2)" — (yy)(22). (12.15)

Ecau 6 >0, ToO ny4ox COAepPKHUT ABe chepnl HyJIeBoro
paauyca. IdTO 2unepboruieckiii ny4ok.

Ecau 6 <0, TO ny4ok He cOAepXUT chep Hy.JaeBOro
panuyca. dT0 ILAURMULECKUIL NYHOK.

Ecan 6 =0, To B nmyuke umeerca onHa cdepa Hye-
BOTO paauyca. DTO napaboruyeciiit NYHOK.

M3 (12.11) u (12.15) creayer, uto npu & > 0 cos’ ¢y > 1,
4TO OBITH HE MO)KeT T. €. cdeps mnepﬁonnqecaoro
MyuKa HE MEPeceKanTCd.

TIpu 8 < 0 cos®*9 < 1, T. e. BCe cepn nepecexanTCs.
Ilpu atoM Bce OHH nepecexaxorcn no OJHOMY Kpyry,
NOCKOJAbKY 'M3 TOrO, YTO TOYKA X NPUHAAJEKHUT Chepam
Y N 2, cieiyeT, UTO OHa MPUHAAJECKUT U J1060H chepe w,
TaK Kak u3 paBeHCTB (xy)=0u (x2) =0 B cayuae (12.14)
crenyer (xw)=0.

[Mpu §=0 cos’y=1, T. e. yroa Mexay JIOOHMY
AByMsi chepamu napaboOJUYECKOTO MNydyKa paBeH HYJIIo.
CuuTasi, 4YTO Y —10uKka mapabosHueckoro nydka, T. €.
(yy) =0 u 8=0 umeem, uto (y2)=0, a u3z (12.14) —
yro (yw) =0, 1. e. Bce chepn napa6oinuecKOro myuka
KacawTCd APYr apyra B oOlledl TOYKeE.

Hapsany c nyukom cdep MOXKHO pacCMaTpuBaTh JiH-
HeliHble MHOTOOOpasus cdep, 3aBHCALLHE OT ABYX M Tpex
CYLEeCTBEHHBIX NMapamMeTpoB:

w=o0ax + 3y + 12
w=ax + 3y + 12 + of.

DTO ABymapaMeTpuyecKue ¥ TPexmnapaMeTpuiyeckHe CBA3KH
chep.

0. TunuyubiM npeoGpa3oBaHHeM MPOCTPAHCTBA, OTHO-
CAIMMCA K KOH(POPMHBEIM Npeo6pa3oBaHusM (TAK xKe, KaK
U HA [JIOCKOCTH), fBJAseTCss mnpeo6pasoBanue HHBEPCHH,
HJIH CHMMETDUH, OTHOCHTEJbHO ChepH.

dTO ypaBHeHHe KBaAPATHOC OQTHOCHUTEJBbHO H HMeeT
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Ecau-y — ¢uxcuposanuas cdepa, a X u x* — Toukwy,
CHMMeTpHYHHE OTHocuTeabHo Hee (Ox*.Ox = R% rpe
O — ueHtp, a R — paguyc cdepul y), TO HMEET MeCTO
bopmy.a

—olEY) (12.16)
(yy)

MoxHO nokasaTh, 4TO BCAKOe ChepHueckoe mpeolpa-
30BaHHEe COCTOHUT H3 NpeoOpPasoBaHHsi CHMMETPHH OTHO-
CHTEAbHO Chepbl U ABHXKEHHA.

6. Hapsny ¢ OOBIYHBIMH TE€TPaNUKIHYECKUMH KOOPIH-
HATAMH B MJAOCKOCTH, B § 9 Onuin BBegeunl 0000UICHHbIE
TeTPAOUKAUYECKHE KOOPAMHATHL TOYKH U Kpyra Kak Ko-
appunUeHTH pasnoXeHHWs HX 00 cdepaM HEKOTOPOTO
penepa.

B mpocTpaucTBe TakXe MOXHO BBECTH penep, aHaJo-
THYHBI NOMYU30TPONHOMY penepy m1ockocTu. B xauectse
TAKOTO penepa 6epyT TPH B3aUMHO OPTOTOHAJBbHBLIX Cheprl
Y, Vo Y3 U ABe chepH HYJEBOTO pajauyca — TOUYKH Y,
H y, mepeceuenus tpex nepsunx cdep. Hopmupyem xo-
opauHaTH cdep ¥, V,. V3 Tak, 4Tob6H (y;¥)=1 upu
i=1,2,3. Touku y, M y, B3AUMHO HOPMHpPYeEM TaK,
uto6ul (y,¥,) = 1. Toraa 3TH TOUKHU ONpPeASNAAITCS C

. 1
TOUHOCTBIO O MHOXHTENA 9. Y, =Y, y;=——y0.
?

x = x*

MaTpuna NOAAPHBIX NPOU3BENEHHII OCHOBHBIX cdep
penepa OyneT ciaejpyoouas:

A7 Y2 ys v Yo l
M 1 {7 0 0 0 0
s 0 1 0 0 0
(12.17)
V3 0 0 1 0 0
V4 0 0 0 0 1
: Yo 0 0 0 1 0




3a o06006uieHHbe TieHTachepuueCckue  KOOPAHHAT)
cep 2 mpuHUMaeM KO3(DPUOHEHTH B PA3JOKEHHH 3TO
cepel 1o chepam y;:

4
z2=Y2zy, (12.1¢

i=0

KoopaunaTubifi TpexrpaHHuK [NeKapTOBO#l CHCTeM
KOOPAHHAT B MPOCTPAHCTBE TAKKE MOXKHO PaCCMaTPHUBAT
KaK MOJyH3OTPOIHHI pernep, B KOTOPOM ChHeps y,, Vs, 3
COBNANAIOT C KOOPAHHATHHIMM MJOCKOCTSAMH, a TOUK
Yy M Y, — C HAUaJOM KOOPAMHAT M HECOOCTBEHHOH TO!
ko#t mpoctpaucrsa. Toraa z, B Qopmyne (12.18) oyny
OOBIUHBLIMH MeHTacheprUueCKHMU KOOPAUHATAMM,.
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